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Abstract 

In this paper and in the forthcoming Part II we introduce a Morse complex for a class of 
functions / defined on an infinite dimensional Hilbert manifold M, possibly having critical 
points of infinite Morse index and co-index. The idea is to consider an infinite dimensional 
subbundle - or more generally an essential subbundle - of the tangent bundle of M, suitably 
related with the gradient flow of /. This Part I deals with the following questions about 
the intersection W of the unstable manifold of a critical point x and the stable manifold of 
another critical point y: finite dimensionality of W, possibility that different components of 
W have different dimension, orientability of W and coherence in the choice of an orientation, 
compactness of the closure of W, classification, up to topological conjugacy, of the gradient 
flow on the closure of W, in the case dim W — 2. 



Introduction 

Morse theory |Mor25| relates the topology of a compact differentiable manifold M to the combi- 
natorics of the critical points of a smooth Morse function / : M — > M: if /3 q (M) = rank H q (M) 
denotes the g-th Betti number of M, and c q (f) is the number of critical points x of / with Morse 
index m(x) = q, then the identity 

dim M dim M 

£ c q (f)t q = £ P q (M)t« + (l + t)Q(t), (1) 

holds, with Q a polynomial with positive integer coefficients. Denoting by C q (f) the free Abelian 
group generated by the critical points of / of index q, q = 0, 1, . . . , dim M, it is readily seen that 
JTJ is implied 1 by the existence of homomorphisms d q : C q (f) — > C q -\{f) making {C*(/),(?*} a 
chain complex, whose homology groups are isomorphic to the singular Z-homology groups of M: 

ff fl ({c.(/),a.}) = -^r 2 - = H q (M). (2) 

rand 9+ i 

A chain complex with the above properties is indeed provided by a suitable cellular filtration of 
M. More precisely, if we fix a Ricmannian structure on M such that the corresponding gradient 
flow of /, i.e. the integral flow <f> : R X M — * M of the vector field — grad/, is Morse-Smale 2 , then 
the open subsets 

M q := (J <K[0,+oo[x[/ x ), q = 0,1,..., dim M, 

xGcrit(f) 
m(x) <~q 
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x The two facts would actually be equivalent if we were using coefficients in a field, instead of the ring E. 
2 Here one needs just that the unstable manifold W u (x) and the stable manifold W s (y) have empty intersection, 
for every pair of distinct critical points x,y with m(x) < m(y). 



for U x a suitable small neighborhood of x, constitute a cellular filtration of M, such that 



H q (M q ,M q - 1 



) = c q (f). 



So we get the boundary homomorphism 



d q : C q (f) = H q {M q ,M q ^ 1 ) -> H q . x {M q -\M q - 2 ) S C,_i(/), 



(3) 



and the classical isomorphism between the homology of the cellular chain complex and the 
singular homology of M (see |Dol80j . section V.l) implies (J2J)- 

The boundary homomorphism d q constructed above has also the following combinatorial de- 
scription, in terms of the intersections between the unstable manifolds W u (x) and the stable mani- 
folds W s {y) of pairs of critical points 3 . Since dim W u {x) = m(x) and dim W s (y) = dim M — m(y), 
the intersection W u (x) fl W s (y) is a submanifold of dimension m(x) — m(y). An arbitrary choice 
of an orientation for each unstable manifold W u {x) determines a co-orientation (i.e. an orientation 
of the normal bundle) for each stable manifold W s (x) , and thus an orientation for each intersec- 
tion 4 W u (x) D W 8 (y). When m(x) = q and m(y) = q — 1, W u {x) n W s (y) consists of finitely 
many gradient flow lines, each of which can be counted as +1 or as —1, depending on whether 
its orientation agrees with the direction of the gradient flow or not. The algebraic sum of these 
numbers gives an integer n(x, y), and d q can be expressed in terms of the generators of C q (f) and 
Cq-i(f) as 



The Morse complex {C*(/),9*} depends on the choice of the Riemannian structure on M (a 
different Riemannian structure would produce a different gradient flow) and on the choice of the 
orientations of the unstable manifolds, but the isomorphism class of such a chain complex depends 
just on the function /. 

The approach described above was essentially clear to the pioneers of Morse theory, such as 
Thorn Tho49 and Milnor Mil63, Mil65], and to people in dynamical systems, such as Smale 
Sma60 , Sma61, Smaf)2j and Franks |Fra79l lFra80j . but it has received increasing attention after 
the works of Witten Wit82 and Floor Flo82j . See the systematic study by Schwarz tHchRSj , and 
Weber's thesis Web93 . The observation on the invariance of the isomorphism class of the Morse 
complex is due to Cornea and Ranicki jCR03j . together with more striking rigidity results. 

Already in the sixties, Morse theory had been generalized to infinite dimensional Hilbert man- 
ifolds (manifolds modeled on a Hilbert space) by Palais |Pal63) . and Smale |Sma64a| ISma64b] , 
and had been successfully applied to many variational problems (see the expository papers of Bott 
|Bot,82llBot88] . the books of Klingenberg |Kli78l lKn82) . of Mawhin and Willem |MW89| . of Chang 
|Cha93| . and references therein). Indeed, the compactness of M can be replaced by a compactness 
assumption on /, the well known Palais-Smale condition ((PS) for short): any sequence (p n ) C M 
such that f(p n ) is bounded and is infinitesimal must be compact. If M is a Hilbert 

manifold endowed with a complete Riemannian structure, and / £ C 2 (M, R) is a Morse function, 
bounded below and satisfying (PS), then the Morse relations still hold, the difference being 
that now Q is an equality between formal power series, with coefficients in N U {oo}. 

However, Q takes into account only critical points with finite Morse index, the ultimate reason 
being that the closed ball of an infinite dimensional Hilbert space is retractable onto its boundary, 
so that critical points with infinite Morse index are invisible to homotopy theory. It was Floer 
|Flo88al TFloSSbl lFlo88cl IF1q89| who observed that the Morse complex approach is suitable to deal 
with critical points of infinite Morse index and co-index: even if the unstable and stable manifolds 
are infinite dimensional, one may still hope the dimension of their intersection to be finite. In 

3 Here one needs that W u (x) and W s (y) meet transversally just when m(x) — m(y) < 1. 

4 Indccd by transversality, a normal bundle of W u (x) n W s (y) in W u (x) is also the restriction of a normal 
bundle of W s (y) in M, so it is oriented, and together with the orientation of W u (x), it determines an orientation 
of W u {x) n W s (y). Notice that the manifold M needs not be oricntable. 




n(x,y)y, for x £ crit(/), mix) = q. 



(4) 



yecrit(/) 

m{y)=q-l 
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this case, one could try to see (@J not as a description, but rather as the definition of a chain 
complex. In this way, Floer was able to develop the analogue of Morse theory in a case where the 
gradient flow ODE is replaced by a Cauchy-Riemann type PDE, which does not even determine 
a local flow (so that there are no stable and unstable manifolds). The resulting theory, known as 
Floer homology, plays now a central role in symplectic geometry (see HZ94, Sal99 and references 
therein). 

In the present paper, and in the forthcoming Part II, we introduce and study the Morse complex 
for gradient-like flows on infinite dimensional Hilbert manifolds. The results we present are a far 
reaching generalization of a previous work on a special class of functionals on Hilbert spaces 
AM(Hj. See also |AvdV99] for a construction of the Morse complex for the energy functional 
of an elliptic system, and Chapter 6 in Jost's book [Jos02J for a general approach to the Morse 
complex. More precisely, we give an answer to the following questions. 



(i 

(ii 
(iii 

(iv 
(v 
(vi 
(vii 



When is W u (x) n W s (y) a finite dimensional manifold? 

How can we give coherent orientations to the manifolds W u (x) n W s {y)l 

When is the closure of W u (x) fl W s (y) compact? 

Having defined d q by J2J|, how do we prove that o d q = 0? 

Which form of transversality is generic? 

How do we recover the classical infinite dimensional Morse theory? 
How can we compute the homology of the Morse complex? 



In the present paper we address questions (i), (ii), (iii), and (iv), leaving questions (v), (vi), and 
(vii) to Part II. We wish to emphasize the fact that these questions are only formally analogue 
to corresponding issues in Floer homology. Indeed, since in our case the gradient-like vector 
field determines a C 1 local flow, some of the problems above can be dealt by dynamical systems 
techniques. On the other hand, finite dimensionality and compactness results do not come from 
elliptic estimates, but involve different ideas. In particular, the study of some infinite dimensional 
Grassmannians, of ordinary differential operators on Hilbert spaces, and the use of Hausdorff 
measures of non-compactness turn out to be important tools. 

We conclude this introduction by giving an informal description of our results. 



Finite dimensional intersections. Let / be a C 2 Morse function on a paracompact Hilbert 
manifold M. Let F be a C 1 Morse vector field on M, having / as a non-degenerate Lyapunov 
function: this means that Df(p)[F(p)] < for every p £ M which is not a rest point of F, that 
the Jacobian of F at every rest point x - denoted by VF(x) - is a hyperbolic operator, and that 
the quadratic form D 2 f(x) is coercive on V~(VF(x)), the negative eigenspace of WF(x), while 
—D 2 f(x) is coercive on the positive eigenspace V + (WF(x)). Under these assumptions, a; is a rest 
point of F if and only if it is a critical point of /. Typically, F = — grad/, the negative gradient 
of / with respect to some Riemannian metric on M, or F = — ft grad/, for some positive function 
h. 

The unstable and stable manifolds of a critical point x are C 1 submanifolds of dimension the 
Morse index and co-index of x. When the critical points x and y have infinite index and co-index, 
respectively, the intersection W u (x)n W s {y) can be infinite dimensional: consider for example the 
restriction of a continuous linear form / on a Hilbert space H to the unit sphere S of H . Its critical 
points are a maximum point x and a minimum point —x, and W u (x) fl W s {— x) = S\ {x, —x}. 

What is more striking, if x and y are critical points of / with infinite Morse index and co-index, 
the dimension of the intersection between their unstable and stable manifolds (with respect to the 
negative gradient flow of /) depends on the metric on M: indeed, if all the critical points of a 
Morse function / have infinite Morse index and co- index, and a : crit(/) — > Z is any function, 
then M supports a metric g - uniformly equivalent to a given one - such that the corresponding 
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negative gradient flow of / has the property that for every pair of critical points x, y the intersection 
W M (x) n W s (y) is transverse and has dimension a(x) — a(y) (see AM04b ). 

Therefore, some extra structure on the manifold M is needed: we will assume the existence of 
a subbundle V of TM, which can be used to make comparisons. More precisely, the object of our 
study will be a quartet (M, F, /, V), where / is a non-degenerate Lyapunov function for the Morse 
vector field F, and the subbundle V of TM is compatible to F, meaning that: 

(CI) for every rest point x, V + (VF(x)), the positive eigenspacc of the Jacobian of F at x, is 
a compact perturbation of V(x) (this means that the corresponding orthogonal projectors 
have compact difference); 

(C2) denoting by V a projector onto V, (LpV)(p)V(p) is a compact linear operator on T p M , for 
every p € M (here L pV denotes the Lie derivative of the tensor V along the vector field F) . 

Assumption (CI) allows us to define the relative Morse index of a rest point x with respect to V 
to be the integer 

m(x, V) := dim(V + (VF(x)),V(x)) = dimV + (V f (x)) n V(x)- 1 - dim V _ (VF(ar)) n V(x). 

Notice that m(x, V) can be negative. A subbundle V = V(TM) is invariant for the differential of 
the integral flow of a vector field X if and only if (Lx"P)V = 0. Assumption (C2) says that V 
is essentially invariant for the linearized flow of F, meaning that the differential of the flow of F 
maps V into a compact perturbation of V. Assumptions (CI) and (C2) are automatically fulfilled 
when all the critical points have finite index, by choosing V = (0): in this case m(x, (0)) is the 
usual Morse index. 

Our first result will be that if (CI) and (C2) hold, and W u (x), W s (y) meet transversally, then 
their intersection is finite dimensional, and 

dimW u {x) n W s {y) = m{x, V) - m{y, V), (5) 

which is the first step for the construction of the Morse complex. A useful tool, in the proof of this 
result and in transversality questions, will be the study, presented in AM03b , of the Fredholm 
properties of the differential operator 

where the subscript means vanishing at infinity, and A is a continuous path of bounded operators 
on the Hilbert space H, converging to hyperbolic operators for t — ► ±oo. 

As we shall see, the usefulness of conditions (Cf ) and (C2) lies in the fact that they are both 
stable and convex. 

In many cases, the choice of the subbundle V for which (CI) and (C2) hold, is suggested by 
the problem itself: for example, this is the case of semi-linear equations, where / is a lower order 
perturbation of a non-degenerate quadratic form on a Hilbert space, and of many functionals 
coming from geometric problems, such as the energy of curves on a semi-Riemannian manifold. 
In other cases, (Cf ) and (C2) just hold locally: one finds an open covering {Uj | j <E J} of M 
and subbundles Vj of TUj, which satisfy (CI), (C2), and are such that Vi\uinUj is a compact 
perturbation of VjluinUj, for any i,j 6 J. That is, (CI) and (C2) hold with respect to an essential 
subbundle. In such a situation the intersection of the unstable and stable manifolds are finite 
dimensional, but no formula like JSJ can possibly hold. Indeed, we will show an example of a 
Morse function on S 1 x H , H an infinite dimensional Hilbert space, with two rest points x, y, such 
that different components of the transverse intersection W u (x) n W s (y) have different dimension. 
This is a purely infinite dimensional phenomenon, related to the fact that the general linear group 
of an infinite dimensional Hilbert space is contractible (see |Kui65j ). Formula |JSJ will hold in the 
intermediate situation in which dim(V.j,Vj) = for every i,j € J: in this case we will say that 
(CI) and (C2) hold with respect to a (O)-essential subbundle. 

These facts are closely related to Cohen, Jones, and Segal's use of polarizations to understand 
the the homotopy theory which lies behind Floer homology CJS95 . 
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Coherent orientations. As we have seen, when M is finite dimensional - or more generally 
when the rest points have finite Morse index - W u (x) (~1 W s (y) is orientable. In the case of infinite 
Morse indices and co-indices, however, W u (x) n W s (y) needs not be orientable: indeed we will 
provide an example showing that such a transverse intersection can be diffeomorphic to Z x K, 
where Z is any manifold. 

The existence of a subbundle V satisfying (CI) and (C2) will imply that all the intersections 
W u (x) n W 8 (y) are orientable, and it will allow us to define their orientations in a coherent way. 
The starting point is the fact that Fredholm pairs (i.e. pairs (V, W) of closed linear subspaces of 
a Hilbert space H with dim y n W < oo, codim(V + W) < oo) can be oriented: an orientation of 
(V, W) is by definition an orientation of the finite dimensional space (V (1 W) x (H/(V + W))* . 
Actually, a determinant bundle can be defined on the space of Fredholm pairs, extending the 
determinant bundle on the space of Fredholm operators, defined by Quillen Qui85 . Together 
with the fact that the fundamental group of the space of Fredholm pairs (V, W) with dim V = 
dimW = oo, is Z2, this implies that the notion of orientation of a Fredholm pair shares all the 
good properties of orientations of finite dimensional spaces. 

For every rest point x, one fixes an orientation of the Fredholm pair (T x W s (x), V(x)). As- 
sumptions (CI) and (C2) guarantee that (T p W s (x), V(j>)) is a Fredholm pair, for every p G W s (x). 
Hence, the orientation chosen at x propagates to all the stable manifold of x. The way of orienting 
W u (x) (~1 W s (y) is then similar to what we have described in the case of a finite dimensional M. 

If conditions (CI) and (C2) hold with respect to a (O)-essential subbundle, coherent orientations 
cannot be defined, and one obtains just a Morse complex with Z2 coefficients. Bott periodicity 
theorem |Bot59| can be used to find the obstructions to have a Morse complex with integer 
coefficients: they are given by the homotopy groups Ui(M), with i = 1, 2, 3, 5 mod 8. 

Relative compactness of the intersections. When the rest point x has a finite Morse index, 
the (PS) condition 5 and the completeness of the flow imply that the intersection W u (x)<~)W s (y) has 
compact closure in M. When the indices are infinite, even if (Cl-2) guarantee that W u (x) n W s (y) 
is finite dimensional, we cannot conclude that its closure is compact: for instance, it may consist 
of infinitely many isolated curves, with no cluster points besides x and y. 

The reason is that (Cl-2) are local assumptions, while compactness involves a global condition: 
we shall need a global version of condition (C2). Let us assume for simplicity that the subbundle 
V of TM has a global presentation, that is a submersion Q : M —> N into a complete Riemannian 
Hilbert manifold N such that V(p) = ker DQ(p). We will denote by (3x(A) the Hausdorff measure 
of non-compactness of the subset A of a metric space X, that is the infimum of all positive numbers 
r such that A can be covered by finitely many balls of radius r. The new assumption is: 

(C3) (i) DQ o F is bounded; 

(ii) for every q S N there exist 6 > and c > such that /3 T n(DQ(F{A))) < c(3 N (Q(A)), 
for any A in a Q~ 1 (Bs(q)). 

This condition implies (C2) by differentiation. Condition (C3) is also stable and convex, in a sense 
to be specified. 

We shall prove that conditions (CI) and (C3), together with (PS) and the completeness of the 
flow, imply that W u (x) D W s {y) has compact closure in M, for every pair of critical points x, y. 

This compactness result will be proved in the more general setting of a flow which preserves 
an essentially vertical family J- of subsets of M, with respect to a strong integrable structure for 
an essential subbundle £ of TM. When £ is the essential class of a subbundle V with a global 
presentation Q, one chooses T to be the family of subsets A C M such that Q(A) is pre-compact. 
More-generally, one can deal with a suitable presentation of £ consisting of an open covering 
{Mi}i£i of M and of semi-Fredholm maps with non-negative index Qj : Mi — > iVj, such that 
£{p) = [ker DQ{jp)] for every p £ Mi. 

5 In this contest, a (PS) sequence is a sequence (p„) C M such that (/(pn)) is bounded and (Df(p n )[F(p n )]) is 
infinitesimal. 
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The boundary homomorphism. Assume that (M, F, /, V) satisfies (Cl-3) and (PS), and that 
the stable and unstable manifolds of rest points meet transversally. For q £ Z, we can define C q (F) 
to be the free Abelian group generated by the rest points x with m(x, V) = q. In order to define 
the homomorphism d q : C q (F) — > C q -i(F), we just need the last condition 

(C4) for any q £ Z, / is bounded below on the set of critical points x of relative Morse index 
m(x,V) = q, 

which guarantees that the sum appearing in Q is finite. 

The boundary property <9 9 _i o d q — comes from the possibility of describing exactly the 
flow on the closure of each component of W u (x) n W s (y), when m(x,V) — m(y,V) = 2: such 
a flow is either topologically conjugated to the exponential flow [t, z) i— > e*z on the Riemann 
sphere C U {oo}, or it is topologically conjugated to the shift flow (t, (it, v)) i— > (u + t,v + t) 
on [— oo, +oo] x [— oo, +oo]. In the latter case, the orientation of this component is the product 
orientation of its sides. These results will be proved by hyperbolic dynamical systems techniques, 
which in this case seem more natural than the gluing method used in Floer homology. 

The resulting complex {C*(F), <%} is said the Morse complex of F. If F\ and F 2 are two Morse 
vector fields having the same non-degenerate Lyapunov function /, the Morse complexes of Ft 
and of i<2 are isomorphic. In particular, their homology depends only on the Lyapunov function 
/, and it will be said the Morse homology of / and denoted by i?*(/). 

Transversality. The transversality of the intersection of stable and unstable manifolds will be 
achieved by perturbing the vector field F. Small perturbations in a suitable class of vector fields 
keep the conditions (Cl-4) and (PS) valid: in this sense, these conditions were said to be stable. 
When one restricts the attention to the class of gradient vector fields, transversality can be achieved 
by using rank 2 perturbations of the given Riemannian metric. A difference with respect to the 
finite dimensional case is the regularity requirement. Indeed, high regularity of F is needed to 
apply Sard-Smale theorem, and such a regularity cannot be obtained by smoothing the vector 
field F, because C k+1 functions on an infinite dimensional Hilbert space are not C k dense (see 
NS73, LL86 ). As a consequence, we shall assume F £ C 2 (M), and we will achieve transverse 
intersections of W u (x) and W s (y) whenever m(x, V) — m(y, V) < 2, which is what we need for the 
construction of the Morse complex. 

Relationship with classical infinite dimensional Morse theory. In the case of / bounded 
below, satisfying (PS), and with critical points of finite Morse index, we shall prove that the Morse 
homology of / is isomorphic to the singular homology of M, a result which agrees with the Morse 
relations proved by Palais. This will be a simple generalization of the cellular filtration argument 
described for the compact case. 

From this fact, it is easy to determine the Morse complex of some classes of vector fields 
having rest points of infinite Morse index and co-index. For instance, if M = M~ x M + is 
the product of two infinite dimensional Hilbert manifolds, endowed with a complete product 
Riemannian structure, and the Morse function / : M — > M has the special form 



satisfies (Cl-3) with respect to the subbundlc V = TM x (0), with global presentation the submer- 
sion Q : M -> M+, (p~,p + ) i-» p + . Notice that F has the form F(p~,p + ) = (F~ (p~), F+(p + )). 
It is easy to see that the Morse complex of F is 



where /+ : M+ — > R, /~ : M 




(6) 




C q (F) = (C4F+)®C^{F-)) q 



C q+ (F+)®C q -(F-), Vq£Z, 



(q-,q+)eN 2 



q-r-q =q 



G 



and the Morse homology of / is 

H q (f)^(H*(M + )®H^(M-)) q = H q+ (M+)(g>H q -(M-), Vg e Z. (7) 

(<r,«+)eN 2 
q + -q-=q 

Computation of the homology and functoriality. In the case of infinite Morse indices and 
co-indices, the topology of M is not immediately related to the Morse homology of /. However, 
the homology groups H q (f) are still considerably stable. 

The key ingredient to compute the Morse homology groups will be the fact that Morse homology 
is a functor from the class of Morse functions with a gradient-like vector field satisfying (Cl-4) and 
(PS), seen as a small category with the usual order relation, to the category of Abelian groups: 
to every inequality f > fx is associated a homomorphism 

hoh ■ #*(/o) - 

in such a way that 4>f x f 2 ° <t>foh ~ ^/o/2i an d 0// = id (actually, 4>e ff — id, for 9(s) > s a 
strictly increasing smooth function). The idea for the definition of 4>f fi comes from the following 
observation: every chain homomorphism tp : {C", d®} — > {Cl, dl} comes from a boundary operator 
d q :C t q ) ® C\ +1 -* C°_! ® C\, the cone of ip, namely 



With this in mind, we will construct a Morse function / : M x M — > M, of the form 

/(«,P) = x(«)/o(p) + (1 - x(*))/i(p) + 

with x a monotone smooth function such that x( s ) — 1 f° r s ^ Oj an d x( s ) = f° r s ^ 1) while 
tp(s) = 2s 3 - 3.s 2 + 1 has a non-degenerate maximum at and a non-degenerate minimum at 1. 
The function / is a non-degenerate Lyapunov function for a Morse vector field onRxM satisfying 
(Cl-4) and (PS), and the boundary operator in the associated Morse complex has the form JHJ. 
This allows us to define 4>f fi as the homomorphism induced by the chain homomorphism ip. 

We wish to emphasize that this functorial approach is possible thanks to the fact that the 
conditions (Cl-4), and (PS) naturally pass from the functions /o, fi to the cone function f: in 
this sense, these conditions were said to be convex. 

In particular, two functions /q and fx such that c := ||/i — /o||oo is finite, have always isomorphic 
Morse homologies, as implied by the functoriality applied to the inequalities 

fo-c<fx<fo + c, h-c<f <fx + c. 

For example, let / : M ~ x M + — > M be a Morse function satisfying (PS) and such that F = 
-grad//(l + Ilgrad/H 2 ) satisfies (Cl-4) with respect to the subbundle V = TNT x (0). If / has 
bounded distance from a function of the form @, still satisfying the same assumptions, the Morse 
homology of / is given by (7J. More generally, if there exists c > such that 

-f + (p + ) - cf-(p-) - c < f(p-,p + ) < c/+(p+) - -f(p-) + c, 
c c 

we deduce the existence of a surjective homomorphism 

H g (f)^ H q+ (M+)®H q -(M-), 

(q-,q + )& 
q+-q =q 

which implies lower estimates on the number of critical points of / of a given relative Morse index. 
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1 Essential subbundles of a Hilbert bundle 

In this section we will fix some basic facts about the Grassmannian of a Hilbert space and some 
related constructions. We refer to Appendix A for more details. 

Hilbert Grassmannians. If E and F are Banach spaces, C(E, F) will denote the space of 
bounded linear operators from E to F, while C C (E,F) will denote the subspace consisting of 
compact operators. In the case F — E, we will simply write C(E) and C C (E). 

Let H be an infinite dimensional separable real Hilbert space. The orthogonal projection onto 
a closed linear subspace V C H will be denoted by Py, while the orthogonal complement of V 
will be indicated by V 1 - . We will denote by Gr(H) the Grassmannian of H, that is the space of 
all closed linear subspaces of H, endowed with the operator norm topology. By Gr 00 00 (7?) we 
will denote the connected component of Gr(H) consisting of subspaces of infinite dimension and 
infinite codimension. The other connected components of Gr(iJ) are the subsets Gr„ )00 (iJ), the 
set of linear subspaces of H of dimension n, and Gr oo n (7J), the set of linear subspaces of H of 
codimension n. 

Compact perturbations and essential Grassmannians. Given V, W € Gr(H), we will say 
that V is a compact perturbation of W if Py — Pw is a compact operator. In this case, the relative 
dimension of V with respect to W is the integer 

dimiy, W) = dim V n W 1 - — dim V 1 - n W. 

Given m € N, the (m) -essential Grassmannian GTt m \(H) is the quotient space of Gr(Zf) by the 
equivalence relation 

{(V, W) G Gt(H) x Gt(H) I V is a compact perturbation of W, and dim(F, W) £ mZ} . 



8 



By Gr? m -)(H) we will denote the quotient of Gr 00j00 (7?) by the same equivalence relation. The 
space Gt(i)(H) is called just the essential Grassmannian of B. If [W] G Gr( m )(B) and V G 
Gr(B) is a compact perturbation of an element (hence every element) of the class [W], then 
dim(V, [W]) :— dim(V, W) is well-defined as an integer modulo m. 

Essential subbundles. Fix some k G N U {oo}. Let B be a topological space if k = 0, or a C k 
Banach manifold if k > 1, and let 7i — ► B be an B-bundle on B, that is a C k fiber bundle with 
base space B, total space H, typical fiber the Hubert space H, and structure group GL(H). Since 
the Hubert space H is infinite dimensional, the group GL(B) is contractible (see |Kui65j ). so the 
above bundle is always trivial. 

We can associate to the C k Hilbert bundle Ti — > B the C k fiber bundles 

Gv{H) = |J Gx(Hb) B, Gr (ro) (W) = (J Gr (m) (B fc ) -+ B, m G N. 
bes fees 

The spaces Gr(B) and Gr( m )(B) admit natural analytic structures, so the above bundles have C k 
structures. A C k section of Gr(B) — ► B is just a C fc subbundle of H — > B. Similarly, a C fc section 
of Gr( m )(7i) — ► B will be called a C fc (m)- essential subbundle ofTi^B, or just a C fe essential 
subbundle in the case m = 1. 



Lifting properties. The following questions arise naturally: when is an (ro)-essential subbun- 
dle, m G N, liftable to a true subbundle? when is an (m)-essential subbundle, m > 1, liftable to 
an (/im)-essential subbundle, for h G N ? We shall discuss these questions in the nontrivial case 
of subbundles with infinite dimension and codimension. 

Since the Hilbert bundle 7i — > B is trivial, the (m)-essential subbundle we wish to lift can be 
identified with a map 

£ : B — > Gr* m) (B), 
and we are looking at the lifting problems 

Gr 00j00 (B) Gr* hm) (H) 



B Gr^ m) (B) B Gr^ ro) (B) 

In the first diagram, the vertical map is a fibration from a contractible space, so the (m)-essential 
subbundle £ is liftable to a true subbundle if and only if the map £ is null-homotopic. It can be 
proved that Gr* ^(B) is simply connected, while the fundamental group of Gr( m )(B) for m > 1 is 
infinite cyclic. Furthermore, 7Ti(Gr( m )(B)) = 7Tj_i(BO(oo)) for i > 2, where BO(oo) denotes the 
classifying space of the infinite real orthogonal group. Hence, using Bott periodicity theorem, we 
deduce that £ is null homotopic if and only the homomorphism 

^:7r i (B)^ 7 r i (Gr^ m) (B)) 

vanishes for every i = 1,2,3, 5 mod 8. In particular, every (m)-essential subbundle is liftable to 
a true subbundle when 7Tj(B) = for every i = 1, 2, 3, 5 mod 8. 

In the second diagram, the vertical arrow is a covering map, and the image of the induced 
homomorphism 

7 r 1 (Gr^ m) (B))^7T 1 (Gr^ ) (B))=Z 

is the subgroup /iZ, so the (m)-essential subbundle £ is liftable to a (/im)-essential subbundle if and 
only if £*(7Ti(B)) C KL. In particular, every (m)-essential subbundle is liftable to a (O)-essential 
subbundle when B is simply connected. 

In this paper, we will be mainly interested in subbundles and essential subbundles of the 
tangent bundle TM of a Hilbert manifold M (that is a paracompact manifold modeled on the 
Hilbert space B). Notice that, since M is locally contractible, any (m)-essential subbundle £ is 
locally liftable to a true subbundle, which will be called a local representative of £. 
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Integrable essential subbundles of TM. An essential subbundle £ of TM is called integrable 
if M admits an atlas whose charts ip : dom (<p) C M — > H map £ into the essential subbundle 
represented by a constant closed linear subspace V C if: 

Vp G dom (95) D<p(p)£(p) = [V]. (1.1) 

If and "0 are two such charts, the transition map r = ip o i/)" 1 : dom (r) <Z H —>■ H satisfies 

Dt(£)V is a compact perturbation of V V£ G dom(r). 

By Proposition I A . 41 the above fact is equivalent to 

QDr(£)(I — Q) is a compact operator V£ G dom (r), (1.2) 

Q being a projector with kernel V. An atlas .4 of M satisfying and l|1.2|l form an integrable 
structure modeled on (H, V) for the essential subbundle £. 

Conversely, an atlas of M whose transition maps satisfy 1|1.2|) defines an integrable essential 
subbundle of TM. Such an essential subbundle is liftable to an (m)-essential subbundle m G N, if 
and only if 

dim(I>r(£)V, V) = mod m 

for every transition map r and every £ S dom (t) . 

Considering integrable essential subbundles will be important starting from sectional Actually, 
we will be interested in the following stronger version of integrability. 

1.1 Definition. Let V be a closed linear subspace of the Hilbert space H , and let Q € £{H) 
be a projector with kernel V. A strong integrable structure modeled on (H,V) for the essential 
subbundle £ of TM is atlas A of M such that: 

(i) for every <p G A and every p G dom (ip), Dip(p)£(p) = [V]; 

(ii) for every ip,ip G A the transition map r = tp o ip^ 1 : dom (r) C H — > H satisfies 

QA is pre-compact if and only if Qt(A) is pre-compact, 
for every bounded A C dom (r) . 

Since the set QA is pre-compact if and only if the projection of A into the quotient space H/V 
is pre-compact, the above definition does not depend on the choice of the projector Q, but only 
on the subspace V. 

Let r be a transition map satisfying condition (ii) of the above definition, and let £ G dom (r) . 
Then the restriction of the map Qt to the set dom (r) n (£ + V) is a compact map (i.e. it 
maps bounded sets into pre-compact sets). Therefore its differential at £, namely the linear 
operator QDt(£)\v is compact, implying (|1.2|l . Hence a strong integrable structure is also an 
integrable structure. The notion of a strong integrable structure is strictly more restrictive, because 
a nonlinear map whose differential at every point is compact need not be compact. 

1.2 Remark. Assume that W is a compact perturbation of the closed linear subspace V. Notice 
that if Ac H 

P W ±A CP V ±A+ (Py - P W )A. 

Then if A is boundedPy±A is pre-compact if and only if P w ± A is pre-compact. Therefore a strong 
integrable structure modeled on (H,V) is also a strong integrable structure modeled on (H,W). 
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Presentations of an essential subbundle. A natural way to construct an integrable subbun- 
dle of TM is to consider the kernel of a submersion, or of a family of submersions with matching 
kernels. We wish to describe the essential version of this construction. 

The following lemma can be considered the essential version of the fact that in suitable charts 
a submersion is a linear projection. 

1.3 Lemma. Let M and N be manifolds modeled on the Hilbert spaces H and E, respectively. Let 
Q : M —> N be a C , k > 1, semi-Fredholm map with constant non-negative index. Then there 
exists a projector Q G £{H) such that, denoting by V its kernel, there holds: for every p G M 
there exists a C k chart ip : U — > H , p G U C M , such that 

(i) tp(U) is bounded; 

(ii) for every £ G <p(U), kerI?(Qo </9 -1 )(£) is a compact perturbation ofV, with 
dim(kerD(Qo < / j- 1 )(£),y) = dimcokerZ?Q((^- 1 (£)); 

(in) for every A C <p(U), Q(<p~ (A)) is pre-compact if and only if QA is compact. 

In most applications, the index of Q will be +00. 

Proof. The matter being local, we may assume that M is an open subset of the Hilbert space 
H, that p = 0, that TV is an open subset of the Hilbert space E, and that Q(0) = 0. Since 
indDQ(O) > 0, there is T G C(H,E) with finite rank such that DQ(0) + T is surjective. By 
the open mapping theorem, DQ(0) + T has a linear bounded right inverse R G £(E,H). Let 
Q := R(DQ(0) + T) G C(H) be the associated linear projection, and set V := kerQ. Since the 
index of Q is constant (i.e. it does not take different values on different connected components of 
M), by applying a linear conjugacy the same Q and V can be used for every point p G M. 

The map R(Q + T) : M — > ranQ is a local submersion at 0, with differential at equal to Q. 
Therefore, there exists a neighborhood U C M of and a C k diffeomorphism <p : U — > H such 
that </j(0) = 0, D<p(0) = 7, ip(U) and Q{U) bounded (so that (i) holds), and 

i?(Q + T)o^- 1 (0 = Q£, V£e<p(U). (1.3) 

Differentiating we get RD(Q o <p _1 )(£) + RTDip^ 1 ^) — Q. Since R is injective and since T has 
finite rank, Proposition IA.3I implies that 

keiD(Qo(p- 1 )(£)=kerRD(Qoip- 1 )(£) 

is a compact perturbation of kerQ = V, and 

dim(kerL>(Qo(^- 1 )(£), V) = - dim(ran RD{Q o ip^ 1 )^), ran Q) 
= -dim(ranL>(Qo ip- l ){£),E) = dimcokerDQ(^ _1 (^))D^ _1 (0 = dimcokcr/JQ(^" 1 (£)), 

proving (ii). By l|1.3|l . for every A C <f(U), 

QA C RQip- 1 (A)) + ran RT, Q^^A)) C (DQ(0) + T)QA + r&nT, 

so claim (iii) follows from the fact that <p{U) and Q(U) are bounded, and from the fact that T 
has finite rank. □ 

1.4 Proposition. Consider an open covering {Mi}i^j of M , a family of infinite dimensional 
Hilbert manifolds {A^}; e / modeled on E, and a family of semi-Fredholm C k , k > 1, maps Qi : 
Mi — > Ni with the same constant non-negative index, such that for any i,j G I and for any 
A c Mi n Mj, 

Qi(A) is pre-compact if and only if Qj(A) is pre-compact. (1-4) 
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Then the family {ker DQi(p) | p G Mj}, i E I, defines a C k ~ 1 essential subbundle £ ofTM. The 
atlas A consisting of all the charts ip of M satisfying properties (i), (ii), and (Hi) of Lemma \l.ci\ 
applied to all the maps Qi is a strong integrable structure modeled on (H, V) for £ . This atlas is 
such that for every tp £ A and every A C dom (ip) c Mj, 

Qip(A) is pre-compact if and only if Qi(A) is pre-compact. (1-5) 

Moreover, for every p G Mi D Mj the operator DQi(p) DQj(p)* G L{TQ.^Nj, Tq.^Ni) is Fred- 
holm, and £ is liftable to an (to)- essential subbundle, to G N, if and only if 

ind (DQi(p) DQ 3 (p)*) = mod to, Vi, j G I, Mp G Mj n M,-. 

Proof. Let us prove that for any p G Mj D Mj the subspace ker DQi (p) is a compact perturbation 
of ker D Q } (p) . Since DQi(p) has finite corank, we can find a C 1 embedded finite dimensional open 
disk D C Ni with £> compact, such that Qi(p) G -D and the map Qj is transverse to D. Then 
Q^ 1 {D) is a C 1 submanifold of M, and by our assumption the map Qj\Q- 1 ^rj)nM- 1S compact. 
Therefore its differential, namely the restriction of DQj to the subspace T p Q~ 1 (I?) D ker DQi (p) 
is compact. In particular, the restriction of DQj(p) to ker DQi(p) is compact, and similarly the 
restriction of DQi(p) to ker DQj(p) is compact. Hence Proposition IA. 51 implies that ker DQi(p) 
is a compact perturbation of ker DQj(p), as we wished to prove, and that 

ind (DQi(p) DQj(p)*) = dim coker D Qj (p) - dim coker D Q l (p) + dim (ker D Q % (p) , ker D Qj (p) ) . 

(1.6) 

Now let tp and ip, dom (<p) C M^, dom(-0) C M~, be two charts satisfying conditions (i), (ii), and 
(iii) of Lemma fl .31 applied to Qi and Qj, respectively (possibly i — j). Let r = ip o ip' 1 be the 
transition map. If A C dom(r) = ^(dom(i^) n dom(-0)), by Lemma fl. 31 (iii) QA is pre-compact 
if and only if Q j (ip~ 1 (A)) is pre-compact, by (|1.4|) if and only if Qi(V> -1 (^4)) = Q 1 {^ 1 {t{A))) 
is pre-compact, and again by Lemma II .31 (iii') if and only if Qt(A) is pre-compact. This proves 
condition (ii) of Dcfinition ll.il and proves that the atlas A satisfies (|1.5f) . 

Finally, let p G Mi. By Lemma fl. 31 (ii), there is a neighborhood U p of p and a C k submersion 
Qp '■= Q<P '■ Up — > ranQ into a Hilbert space such that for any q G C/ p , ker DQi(q) is a compact 
perturbation of ker DQ p (q), and 

dim(kerL>Q 4 (g),kerL>Q p (g)) = dim coker DQi(q). (1.7) 

Then the family {ker DQi \ i E 1} defines the same C k ' 1 essential subbundle of TM as the one 
defined by the family 

jker-DQp | p G m| . (1.8) 
If g G Up ("I c/p' n Mj n M,-, by (TH)|) and l(TT|) we obtain (see formula l|A.2[) l 

dim(kerDQ p (g),ker fi^(g)) = dim(ker DQ p (g), ker DQi(q)) + dim(ker DQj(g), ker DQj(q)) 

+ dim(kcr DQ 3 (q), ker DQ p >(q)) = ind (DQi(q) DQj(q)*), 

so (ll.8|) defines an (TO)-essential subbundle of TM if and only if 

ind (-DQj(g) DQ 3 (q)*) = mod to, Vi, j G /, Vq G Mj n M>. 

□ 

The above proposition suggests the following: 

1.5 Definition. j4 strong presentation of the essential subbundle £ of TM consists of an open 
covering {Afj}j S / of M , a family of manifolds Ni, i G I , modeled on the Hilbert space E, a family 
of semi-Fredholm C 1 maps Qi : Mj — > iVj with the same constant non-negative index such that: 

(i) for every i G I and every p G Mj, the kernel of DQi(p) belongs to the essential class £(p); 
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(ii) for every i,j G I and every A C Mi n Mj, Qi(A) is pre- compact if and only if Qj(A) is 
pre- compact. 

Proposition 11.41 states among other facts that a strong presentation of £ determines a strong 
integrable structure for £. 

2 Morse vector fields and subbundles 

Definitions and basic facts. Let M be a paracompact manifold of class C 2 , modelled on the 
infinite dimensional separable real Hilbert space H. Let F be a tangent vector field of class C 1 
on M. This field determines a local flow on M, 

<j>£C x (fl{F),M), d t <t>(t,p) = F(<j>(t,p)), <P(0,p)=p, 

where Q(-F) ClxM is the maximal set of existence for the solutions of this ordinary differential 
equation. We will also use the notation (f>t(p) — <P(t,p). 

A rest point of F is a point x <G M such that F(x) = 0. The set of rest points of F is denoted 
by rest(F). If x G rest(F), the Jacobian of F at x, VF(cc), is the bounded linear operator on 
T X M defined as 

VF(i)f = L x F(x), for X a tangent vector field such that X{x) = £ G T X M, 

where LxF denotes the Lie derivative of F along X. Indeed, the fact that F(x) = implies that 
LxF(x) depends only on the value of X at x. 

We recall that an operator L e C(H) is said hyperbolic if a(L) fl iM. = 0. In this case, the 
decomposition of the spectrum of L into the subset with positive real part and the one with 
negative real part determines an L-invariant splitting H = V + (L) © V~(L). A point x £ rest (F) 
is said hyperbolic if the operator VF(x) is hyperbolic. In this case, the linear unstable space H™ 
and the linear stable space if*, are defined as 

H:-.= V + (VF(x)), H°:=V-(VF(x)). 

A vector field F all of whose rest points are hyperbolic is said a Morse vector field. 
A Lyapunov function for the vector field F is a function / £ C 1 (M) such that 

AfO)[-F(p)] < 0, VpGM\rest(F). (2.1) 

In particular, 1 1— * f(<j>(t,p)) is strictly decreasing if p ^ rest (F). Note that every critical point of 
/ must be a rest point of F. If x is a hyperbolic rest point for F, then it is a critical point of /, 
as it easily follows from a first order expansion of F at x. 

If the vector field F is Morse, we shall ask the Lyapunov function to be non-degenerate: f is 
twice differentiable at every rest point x and, denoting by D 2 f(x) the second differential of / at 
x, seen as a symmetric bounded bilinear form, we have that £ i— ► D 2 f{x)[^, £] is coercive on 
while £ i ^ — £> 2 /(x)[£, £] is coercive on i?". The Morse vector field f 7, is said gradient-like if it has 
a non-degenerate Lyapunov function. 

The relative Morse index. For V a subbundle of TAf of class C 1 , consider the following 
compatibility condition between F and V: 

(CI) for every x rest point of F, the linear unstable space H% is a compact perturbation of V(x). 
If (CI) holds, the relative Morse index of x G rest (-F) is the integer 

m(a:,V) := dim(i^,V(x)), 

and the sets 

vest q (F) := {x G rest (F) | m(x, V) = q} , q G Z, 



13 



constitute a partition of rest (F). 

Condition (CI) clearly depends only on the essential class of V. Therefore it makes sense to 
talk about vector fields which satisfy (CI) with respect to an essential subbundle. More precisely, 
the C 1 Morse vector field F satisfies (CI) with respect to the essential subbundle £ if for every 
rest point x of F the unstable space H% belongs to the essential class £(x). In this more general 
situation, there is no relative Morse index. However, if the essential subbundle £ comes from an 
(m)-essential subbundle - still denoted by £ - then the relative Morse index of x E rest (F) is an 
integer modulo m - denoted by m(x, £). In particular, if £ is a (O)-essential subbundle, the relative 
Morse index is still integer valued. 

Essentially invariant subbundles. We shall say that the C 1 subbundle V is invariant with 
respect to F at p € M if 

(L F V)(p)V(p) = 0, (2.2) 

where V is a projector onto V of TM: V is a C 1 section of the Banach bundle of linear endomor- 
phisms of TM such that for every p € M, V(p) € C{T p M) is a projector onto V(p). This notion 
does not depend on the choice of the projector V, but only on the subbundle V. Indeed, if V and 
Q are two projectors onto V, we have the identity 

(L F Q)Q={I-Q)(L F V)VQ, (2.3) 

which can be verified by taking the Lie derivative of the identities VQ= Q = Q 2 . This definition 
is motivated by the well known fact that l|2.2|) holds for any p 6 M if and only if the subbundle 
V is invariant under the action of the local flow <f>, that is D(j) t (p)V(p) = V(4>t{p)) for every 

(t, P )en(F). 

Similarly, we shall say that V is essentially invariant with respect to F at p if (L F V)(p)T'(p) 
is a compact endomorphism of T p M. Again, (|2.3|l shows that this notion depends only on V. 
By Proposition I A. 41 V is essentially invariant with respect to F at every p 6 M if and only if 
D(f) t {p)V{p) is a compact perturbation of V{4>t{p)), for every (t,p) S Q{F). The second compati- 
bility condition between F and V is: 

(C2) V is essentially invariant with respect to F at any point p 6 M. 

Also this condition can be stated for an essential subbundle. Indeed, an essential subbundle 
£ of TM will be said invariant with respect to F at p if a local representative of £ at p is 
essentially invariant with respect to F at p. This notion does not depend on the choice of the local 
representative of £ at p: if V and W are two such local representatives on some neighborhood U of 
p, and V, Q are the orthogonal projectors onto V, W, with respect to some Riemannian structure 
on M, we have that V(q) - Q(q) € C c {T q M) for any q € U, so (L F (P - Q)){p) € C c (T p M), and 
the identity 

(L F T)T - {L F Q)Q - (L F V)(T - Q) + {L F (V - Q))Q, 

shows that (L F V)V is compact if and only if (L F Q)Q is compact. Hence, we shall say that the C 1 
vector field F satisfies (C2) with respect to the C 1 essential subbundle £ of TM if £ is invariant 
with respect to F at every p 6 M. 

2.1 Proposition. Let £ be a C 1 essential subbundle ofTM. Then the set of C 1 vector fields on 
M which satisfy (C2) with respect to £ is a C 1 (M)-module. 

Proof. Everything follows from the formulas 

(L X+Y V)V = (L X V)V + (L Y V)V, (L hX V)Vti = h(L x V)Vti + Dh[Vti](V-I)X, V£ G TM, 
where h € C 1 (M). □ 
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Examples. We conclude this section with some simple examples. 

2.2 Example. (Vector fields whose rest points have finite Morse index or finite Morse co- index) 
Consider the classical situation of a Morse vector field F all of whose rest points have finite Morse 
index. Then (CI) and (C2) hold with respect to the trivial subbundle V = (0). With such a V 
indeed, (C2) is fulfilled by any vector field, while (CI) is equivalent to asking the unstable space 
of every rest point to be finite dimensional. In this case, m(x, (0)) is the usual Morse index of the 
rest point x. 

Similarly, a Morse vector field all of whose rest points have finite Morse co-index satisfies (CI) 
and (C2) with respect to the trivial subbundle V — TM, and —m(x,TM) is the co-index of the 
rest point x. 

2.3 Example. (Perturbations of a non-degenerate quadratic form) Assume that M = H is a 
Hilbert space, and consider a function of the form 

/(0 = 5(^,0 + 

where L 6 £(H) is self-adjoint invertible, and b £ C 2 {H). Let F be the (negative) gradient vector 
field of f , 

F(0 = -grad/(0 = -Li - grad&(£), 
and consider the constant subbundle V = V~(L). In this case, condition (C2) means asking that 

(L eiadf Pv)(OPv = [JV,HesB/(0]iV = [Py,Hess&(£)]iV 

should be compact for every £ £ H . In particular, if we assume that the Hessian of b at every 
point is compact, condition ( C2) holds. Since the negative eigenspace of a compact perturbation of 
L is a compact perturbation of V ( Provosition \B. i)) . also condition (CI) holds. 

2.4 Example. (Product manifolds) Assume that M = M~ x M + is the product of two Hilbert 
manifolds, and consider the subbundle V = TM~ x (0) ofTM. Fix some Riemannian structure 
on M~ and on M + , and consider the product Riemannian structure on M. Let F — — grad/ be 
the negative gradient of a Morse function on M. Then F satisfies (CI) with respect to V if and 
only if for every critical point x the Hessian of f at x decomposes as Hess f{x) = L x + K x , where 
L x is self-adjoint, invertible, and V~{L X ) = V(x), while K x is a compact endomorphism of T X M . 
Moreover, F satisfies ( C2) with respect to V if and only if for every p £ M the operator 

(L F V)(p)V(p) = (V grad/ 7>b) + p>(p),Hess/(p)])P(p) 

is compact, where V denotes the orthogonal projection onto V. 

2.5 Example. (Semi-Riemannian geodesies pO\/lfl4aj ) Let Q be an n-dimensional manifold, en- 
dowed with a semi- Riemannian structure h, that is a symmetric non- degenerate bilinear form on 
TQ. Denote by (n + ,n~) the signature of h, n + + n~ = n. The semi- Riemannian structure h 
induces a Levi-Civita covariant derivation V, and the geodesies - i.e. the 1-periodic solutions q of 
the second order ODE V^g = - joining two fixed points qo,qi £ Q are the critical points of the 
energy functional 

f(l) = \f h(<i(t),q(t))dt, 

on the Hilbert manifold M :— {q £ W 12 ([0, 1], Q) \ q(0) = qo, q(l) — qi} consisting of paths in Q 
of Sobolev class W 12 joining qo and qi . When n + ^ and n~~ ^ 0, all the critical points of f have 
infinite Morse index and co-index. Assume that TQ has an integrable subbundle V of dimension 
n~ such that h is strictly negative on V , and set 

V(q) = {C S T q M = q*(TQ) | ((t) £ V(q(t)) Vi £ [0, 1]} , Vq £ M. 
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The integrability ofV is reflected into the integrability ofV, and this fact can be used to build a class 
of Riemannian structures on M - equivalent to the standard W 1 ' 2 metric - such that grad/ satisfies 
(CI) and (C2) with respect to V. In this situation, it can also be proved that the relative Morse 
index m(q, V) of the geodesic q coincides with the Maslov index of a suitable path of Lagrangian 
subspaces, obtained by looking at the Hamiltonian system on the cotangent bundle of Q generated 
by the Legendre transform H : T*Q — > R of the Lagrangian L : TQ — > R, L(Q = 1/2 £). 



3 Finite dimension of W u (x) fi W s (y) 

Stable and unstable manifolds. The unstable and stable manifolds of a hyperbolic rest point 
x are the sets 

W u (x) := {pE M | ] - oo,0] x {p} c fl(F) and cj)(t,p) -> x for t -> -oo} , 
W s (x) := {p G M | [0,+oo[x{p} c n{F) and <f>{t,p) -> x for t -> +00} , 

and classical results in the theory of dynamical systems imply that W u (x) and W s (x) are the 
images of injective C 1 immersions of H% and if*, respectively, and that 

T x W tt (x)=H:, T x W s (x)=H°. 

In general, they need not be embedded submanifolds. Starting from section [5] however, we will 
restrict our attention to gradient-like vector fields, for which W u (x) and W s (x) are embedded 
submanifolds (see also Appendix C). 

3.1 Proposition. Let £ be an essential subbundle ofTM, and let x be a hyperbolic rest point of 
the C 1 vector field F on M . Then the following facts are equivalent: 

(i) belongs to the essential class £(x), and £ is invariant with respect to F at every p G 
W u (x); 

(ii) the tangent space T p W u (x) belongs to the essential class £{p) for every p G W u (x). 

If either (i) or (ii) holds, and if £ is liftable to an (m)-essential subbundle - still denoted by £ - 
then we have the identity between integers modulo m 

dim{T p W u (x),£(p)) = m(x,£), Vp G W u (x). 

Proof. Let p G W u (x) and define u : [—00, 0] — > M by u(t) := <fit(p) for t > —00, and u(— 00) = x. 
If tp : U — * H, x G U, is a local chart mapping the open set U diffeomorphically into the 
Hilbcrt space H, then for T large ip o : <jr\,(U) -> H is a local chart whose domain contains 
u([— oo,0]). Therefore, since both the assertions of the theorem are invariant with respect to 
diffcrentiable conjugacy, we may assume that M is an open subset of H. The set ^([—00, 0] x {p}) 
has a contractible neighborhood U, and we can find a C 1 map V : U — > C(H) such that V(^) is a 
projector onto a subspace in the essential class £(£), for every £ G U. 

Set P := P(x), and let R : [-00, 0] -> GL(H) be such that R(t)P = V(u(t))R{t), R(-oo) = I, 
and R'(t) -> for t -> -00. Set 

X(t) := 7J(i)- 1 £>^ t (p)JZ(0). 
Then X solves X' = AX, X(0) = 7, where 

= Rit^R'it) + Rty^DF^tyRtt) G £(if) 
converges to the hyperbolic operator A{— 00) = DF(x) for i — > —00. Let 
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be the linear unstable space of the path of operators A (see Appendix B). Then 

T u(t) W u {x) = R{t)X(t)W%, T x W u {x) = V+(A(-oo)). (3.1) 
Differentiating R(t)P = V(u(t))R(t) we obtain the identity 

R'(t)P = DV(u(t))[F(u(t))]R(t)+V(u(t))R'(t), 
from which an easy computation gives 

[A(t),P]P = Rity 1 (DV(u(t))[F(u(t))} + [V(u(t)), DF(u(t))])v(u(t))R(t). 

So by the usual expression for the Lie derivative, 

[A(t), P]P = R{t)- l {L F V){u{t))V{u{i))R{t), (3.2) 

and the equivalence of (i) and (ii) follows form l|3.1|l . (|3.2I) . and Proposition IB. 31 

Assume now that £ comes from an (m)-essential subbundle. Since W u (x) is connected and the 
relative dimension is a continuous function, for every p £ W u (x) we have the following identity 
between integers modulo m 

dim(T p W u {x),£(p)) = dim(T x W u (x),£ (x)) = dim(H%,£(x)) = m(x,£). 

□ 

Recall that a pair of closed subspaces (V, W) of the Hilbert space H is said a Fredholm pair if 

V C\W has finite dimension and V + W has finite codimcnsion, in which case we define the index 
of (V, W) to be 

ind (V, W) = dim V n W - codim(F + W). 

The space of Fredholm pairs of H, denoted by Fp(_ff), is an open subspace of Gr(H) x Gi(H), 
and the index is a continuous function. If H — > B is a C k Hilbert bundle, there is an associated 
C k bundle 

Pp(W) = |J Fp(H 6 ) - B. 
The above proposition has the following corollary. 

3.2 Corollary. Assume that the Morse vector field F satisfies (Cl-2) with respect to a subbundle 

V ofTM. Then for every rest point x: 

(i) for any p £ W u (x), T p W u (x) is a compact perturbation ofV(p), and d\m{T p W u (x) , V{p)) = 
m(x,V); 

(ii) for any p £ W s (x) , (T p W s (x),V(p)) is a Fredholm pair of index —m(x,V). 

Proof. Assertion (i) follows immediately from Proposition 13.11 and from the continuity of the 
relative dimension. By (CI) and Proposition H2J {T X W S (x),V(x)) = (H°,V(x)) is a Fredholm 
pair of index 

md(T x W s (x),V(x)) =ind {H s x , B%) + dim(V(x), H£) = -m(x, V). 

Therefore, (T p W s (x), V(p)) is a Fredholm pair of the same index for any p in a neighborhood U 
of x in the intrinsic topology of the immersed submanifold W s (x). The backward evolution of U 
by 4> is the whole W s (x), so assertion (ii) follows from the fact that the tangent bundle of W s (x) 
is invariant, and V is essentially invariant under the action of 4>. □ 
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Intersections. Recall that two immersed submanifolds N,0 C M have a transverse intersection 
if for every p £ N n O there holds T p N + T p O = T p M. In this case, N n O is an immersed 
submanifold of M, and T p (NnO) = T p Nf]T p O. Similarly, TV, O C M have a Fredholm intersection 
if for every p £ N O, (T P N, T p O) is a Fredholm pair of subspaces of T p M. We are now ready to 
state the result about the dimension of the intersection of the unstable and the stable manifolds. 

3.3 Theorem. Let k £ N, let £ be a (k)-essential subbundle ofTM, and assume that the Morse 
vector field F satisfies ( Cl-2) with respect to £ . Let x, y be two rest points of F. Then W u {x) and 
W s {y) have Fredholm intersection, with the number 

ind (T p W u (x), T p W s (y)), p £ W u (x) n W s (y), 

depending only on the homotopy class of the curve t i— » <f>(t,p) in the space of continuous paths 
u : R — ► M such that u{— oo) = x, u(+oo) = y. Furthermore 

ind(T p W u (x),T p W s (y)) = m(x,£)-m(y,£) mod k, (3.3) 

for every p £ W u (x) fl W s (y). 

In particular, ifW u (x) andW s {y) have non-empty transverse intersection, then W u (x)(~)W s (y) 
is an immersed finite dimensional submanifold of M , and the dimension of the component W p of 
W u {x) D W s (y) containing p depends only on the homotopy class of the curve t i— > <f>(t,p), and 

dim W p = m(x, £) — m(y, £) mod k. 

In particular, when F satisfies (Cl-2) with respect to a (O)-essential subbundle £, then all the 
components of the transverse intersection W u (x) n W s (y) have the same dimension m(x,£) — 
m(y,£). 

Proof. Let us fix two points po,pi £ W u (x) fl W s (y) such that their orbits are homotopic in the 
space of paths u : R — > M with u(— oo) = x, u(+oo) = y. In other words, there exists a continuous 
map 

h : E X [0, 1] -> M, 

such that h(— oo, s) = x, /i(+oo, s) = y, h(t, i) — <p{t,pi), for i = 0, 1. 

The map I x [0,1] -> Gr (fc) (TM), (t,s) i-> £(h{t,x)), is liftable to a map W : R X [0, 1] — > 
Gr(TM) such that W(-oo, ■) and W(+oo, •) are constant maps. By PropositionEU T h{t ^ s) W u (x) 
is a compact perturbation of W(t,s) and dim(T h ( t)S ) W u (x),W(t, s)) = dim(_ff", W(— oo, ■)), for 
any £ < +oo. Using an argument analogous to the proof of Corollarv l3.2l (ii). it is easy to see that 
(Th(t,s)W s (y), W(£, s)) is a Fredholm pair of index — dhn(H™ , W(+oo, •)), for any £ > — oo. Then 
by PronositionrOl {T h{t)S) W s {y), T h ^ s) W u (x)) is a Fredholm pair of index dim(iJ^, W(-oo, •))- 
dim(^,W(+oo,-))- In particular, {T po W s {y\ T po W u (x)) and (T pl W s {y), T P1 W u {x)) are Fred- 
holm pairs of the same index 

ind (T po W s (y),T Po W u (x)) - ind (T pl W s (y), T pl W u {x)) 
= dim(H%, W(-oo, •)) - dim(fl^, W(+oo, ■)), 

and the above formula implies l|3.3|l . Finally, the statements which assume transversality follow 
from the fact that, under such an assumption, 

ind (T p W u (x), T p W s (y)) = AunT p W u {x) n T p W s (y). 

□ 

3.4 Remark. We wish to remark that (Cl-2) are asymmetric conditions: if F satisfies (Cl-2) 
with respect to a subbundle V, there need not exist a subbundle W such that —F satisfies (Cl-2) 
with respect to W. Such an asymmetry is reflected into Corollaru \3.2i which states that TW u {x) 
is a compact perturbation ofV-a closed condition - while TW s {x) is in Fredholm pair with V - 
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an open condition. If we symmetrize (Cl-2) we obtain the following stronger assumptions: ifV is 
a projector on TM, with image V and kernel W, there holds (CI'): is a compact perturbation 
ofV(x), is a compact perturbation ofW(x) for every x S rest(F), and (C2'): {Lp'P){p) is 
compact for any p£ M . This setting - actually its essential version - is closer to the setting of a 
polarized manifold (see \CJS9ltf ). 

4 Which manifolds can be obtained as W u (x) fi W s (y) 

Arbitrary gradient-like vector fields. Let F be a gradient-like Morse-Smale vector field on 
the Hilbert manifold M, with Lyapunov function /. If x, y G rest (F) and f(y) < c < f(x), the 
set Z = W u (x) fl W s (y) fl / _1 ({c}) is a submanifold (non necessarily closed), being the transverse 
intersection in /~ 1 ({c}) of the submanifolds W u {x) n / _1 ({ c }) and W s (y) n / _1 ({c}), and cj> 
subordinates a diffeomorphism from M x Z onto W u (x) n W s (y). 

When M is finite dimensional, there are limitations on the topological type of Z, e.g. if M 
is compact and there are no rest points z with f{y) < f{z) < f(x), then Z is the transverse 
intersection in / _1 ({c}) of two spheres. When M is infinite dimensional, and the rest points x,y 
have infinite Morse index and co-index, there are no limitations at all on the topological type of Z, 
the reason being that any manifold can be obtained as the transverse intersection of two infinite 
dimensional spheres. 

More precisely, for any Hilbert manifold Z (finite dimensional or not) there is a gradient 
like Morse vector field F on the Hilbert space H, with a non-degenerate Lyapunov function /, 
having exactly two rest points x, y with f(y) < < f(x), such that W u {x) n / _1 ({0}) and 
W*(y) n / _1 ({0}) are infinite dimensional spheres intersecting transversally in / _1 ({0}) at a 
closed submanifold diffcomorphic to Z . Notice that in this case, the closure of W u (x) fl W s (y) is 
(W u (x) n W s (y)) U {x,y}, which is homcomorphic to the suspension of Z. 

The construction relies on the following lemma. 

4.1 Lemma. Let Z be a closed infinite codimensional submanifold of a Hilbert manifold M. Then 
there exists a smooth map ip : M — > H such that is a regular value and Z = <^ _1 ({0}). 

Proof. A suitable tubular neighborhood U of Z is diffeomorphic to the normal bundle of Z. Since Z 
has infinite codimension, such a bundle is trivial. Therefore, there exists a submersion tp : U — > H 
such that V' _1 ({0}) = Z. Since H\ B, B denoting the open unit ball of H, is diffeomorphic to H 
(see Bcs66 ), it is easy to define a smooth map ip : M — > H which agrees with ip on a neighborhood 
U'cUofZ and such that tp(M \U')cH\B, so that y _1 ({0}) = Z. □ 
Let Fo be the vector field on H x H 

Fo^,v) = (t-x(U\\)v), 

where \ € C°°(M) is decreasing, x( s ) = 1 for s < 1/3 and x( s ) — for s > 2/3. The vector field 
F has a unique rest point o = (0, 0), with W u (o) = H x {0}, and has a non-degenerate Lyapunov 
function 

M^) = i-||eil 2 + x(||£ll)NI 2 . 

Let B be the open unit ball of H and let S be its boundary. We can embed Z as a closed infinite 
codimensional submanifold of S. By the above lemma, there exists a smooth map ip : S — > H such 
that is a regular value and Z = i^ _1 ({0}). Let C\ and Ci be two copies of the Hilbert manifold 
with boundary B x H, and consider the Hilbert manifold M :— C\ U$ C2, where the gluing map 
$ is 

$ : dCi = S x H -> S x # = aC 2 , (C, 77) >-> (e, tj + ¥>(£))• 

Let F be the vector field on M coinciding with Fo on C\ and with —Fo on C2, and let / : M — > M 
be the function coinciding with /o on Ci and with — /o on C2. It is readily seen that F and 
/ are well-defined and smooth, and that / is a non-degenerate Lyapunov function for F. By 
construction, C\ is negatively invariant for the flow of F, C2 is positively invariant, and there are 
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exactly two rest points x = (0,0) <E & and y = (0,0) G C 2 . Moreover, = dC\ = dC 2 , 

and 

W s (y)ndC 2 = Sx{0}, 
W u (x) n dC 2 = $(W u (x) n flCi) = $(S x {0}) = graphs 

Hence 

VF s (y) n n dC 2 = (S x {0}) n graph^ = p -1 ({0}) x {0} = Z x {0}, 

the intersection being transversal, as required. Finally, since the gluing map $ is isotopic to the 
identity map on S x H, M is diffeomorphic to (B x H) Uid {B x H) = (B Ujd -B) x H. Being 
an infinite dimensional sphere, B Uid -B is diffeomorphic to H (again by Bes66 ), hence M is 
diffeomorphic to H. 



Gradient-like vector fields satisfying (Cl-2). In particular, if Z has components of different 
dimension, the above example shows that in the case of infinite Morse indices and co-indices, the 
components of W u (x) fl W s (y) may have different dimension. Actually, the discussion of section 
01 suggests that this phenomenon may happen also when F satisfies (Cl-2) with respect to an 
essential subbundle, provided M is not simply connected. Indeed this is the case, as it is shown 
by the following example, where the vector field is actually the gradient of a smooth function. 

We recall some pieces of notation from Appendix B. If A : [—00, +00] — > C(H) is a path of 
bounded linear operators with A(— 00) and A(+oo) hyperbolic, we denote by Xa ■ K — + GL(H) 
the solution of the linear Cauchy problem X' A (t) = A(t)XA(t), Xa(0) = I, and we consider the 
closed linear subspaces 



WX = U£H\ lim X A (t)Z = 0}, WX=U€H\ HmX A (m = o 

Let M = H X T 1 , with T 1 = R/2ttZ. Let H = H~ © H+ be an orthogonal splitting such 
that H~,H + € Gr 00j00 (i7), with associated projectors P~,P + . Let k > 1 be an integer. By 
Proposition IB~5l there exists A G C°°(R, GL(_ff) n Sym(iJ)) with A(t) = P+ - P~ for t <^]0, 1[, 
such that W% + W% — H and dim W A H W A — k. Consider the smooth tangent vector field on M 

, . U(P+ -P-)£,sms) for s 4. h/2,cr(l)}, , s , 
F(Ls) = i Ky ' ' f,s effxT 1 , 

j \(A(r( S ))e,sins) forse]0,7r[, ' 

where t(s) = logtan(s/2) for < s < tt, and cr(t) = T -1 (t) = 2arctane', t € K.. So a' — sine and 
t' = coshr. 

The rest points of F, x = (0,0) and y — (0, 7r/2), are hyperbolic, with stable and unstable 
linear spaces 

ff*=if-x(0), H^H+xR, H* = H-xR, = H + x (0). (4.1) 
The flow of F, : E x M — >• M, is readily seen to be 



f (e'( p - p ~)£, -tr(t + r(s))) for - tt < s < 0, 

s) = i - p ~)£, s) for s = or s = w, (4.2) 

( (X A (t + t( S ))A a (t( S ))-^, a(t + r(s))) for < 3 < tt. 

As a consequence, the unstable manifold of x and the stable manifold of y are the sets 

W u (x) = (H+x]-tt,0])U |J I A (T( S ))flx{ S }, 

0<S<3T 

W s (x) = (H~ x [-7r,0[)U |J X A (r(s))Wl x {s}, 



0<S<7T 
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with tangent spaces 

T {i;8) W u {x) = ■ 



ff+xl for (£,s) G H+x] -7r,0], 

Xa(t(s))H^ © RF(f, s) otherwise, 

f H~ X M for (£, s) e H~ X [-it, 0[, 

I X a {t{s))W% © RF(f, s) otherwise. 



Therefore, the unstable manifold of x and the stable manifold of y meet transversally, and their 
intersection 

^"(x)n^ s (y) = ({0}x]-^,0[)U |J X A {r{s))(Wl^W s A ) x {s}, 

0<S<7T 

consists of two connected components, one of which one-dimensional, the other one of dimension 
fc + 1. 

We are going to show that the vector field F satisfies conditions (CI) and (C2) with respect to 
a (non-liftable) essential subbundle of TM. Consider the two subbundles of T(H x [— 7r,0]) and 
T(Hx]0,tt[), 

Vi({, s) =H+x (0) for (£, s) G H x [-tt, 0], 
V 2 (t,s) =X a (t(s))Y x (0) for (£,a) G Hx]0,tt[, 

where Y is a closed supplement of W A n W A in W A = H + . Since A(r(s)) = P + — P~ for 
< s < it/2, V 2 (£,s) = Y X (0) for any (£,s) G Fx]0,7r/2]. Moreover, since H = W A © Y, by 
Theorem EH (in), 

dist(F 2 (£,s),.ff + x (0)) = dist (X a {t(s))Y,V + {A{+oo))) -> for s ->■ tt - . 

Therefore V\ and V 2 define a C° essential subbundle £ of TM. In order to show that £ is of class 
C 1 , we have to verify that 

^Px a (t(s))y = t'(s)Q'(t(s)) = coshr(s)Q / (r( S )) -> for s -> tt-, (4.3) 

where Q(i) = Px A (t)Y- F° r *o > 1 large, X A (to)Y C H + x H~ is the graph of some operator 
L G C(H+,H-), so 

*A(t)y = ^p+-p- (* - * )x A (t )Y = { ( et Q t0 J_ t ) ( i e ) | £ e 

from which we deduce that Q{t) - P+ = 0(e~ 2t ) for t -> +oo. By identity (JrTJ, Q solves the 
Riccati equation 

Q' = (/-Q)AQ + QA(/-Q), 
and since A(t) = P + — P~ for t > 1, we obtain 

Q'(t) = 2{Q(t) - P+)P- (Q{t) -I) + 2{Q{t) - I)P- (Q(t) - P+) = 0(e~ 2t ) for t -> +oo, 

which proves (|4.3|l . 

By l|4.1[) the vector field F satisfies (CI) with respect to the essential subbundle £. By 1)4. 2J1 . 



d<M£,*)[M)] = 



'( e t(P+-P J^o) for tt < s < 0, 

(X A (i + t(s))X a (t(s))- 1 7 7 , 0) for < s < tt, 



for every t G K, (£, s) G M, rj E H. Therefore, the subbundle Vi is invariant with respect to 
F. Since X^(t + t)^Oi(t) _1 = Xx(.+ T )(i) ; also the subbundle V 2 is invariant with respect to F. 
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Hence (LpPv^Pvi = 0, for i = 1,2, and F satisfies (C2) with respect to the essential subbundle 
E. 




■i((P+-P-)C,0 +cos S 6**^/2,(7(1)], 
-!(A(t(s))6C) +coss for s g]0,tt/2[, 



-||£|| 2 -sin^ fors^ [7r/2,a(l)], 

-\\A(t(s))£_\\ 2 -sin 2 s- icoshr(s)(A'(r(s))e,0 for s €]0,tt/2[. 

Since A(t) is invertible for any t and is constant for t ^ (0, 1), we find 

Dffi,8)[F(£,8)] < -SU\\ 2 -sm 2 s for||£||<r, (4.4) 

for suitable S > 0, r > 0, so / is a non-degenerate Lyapunov function for F on the open set 
B r (0) x T 1 . Actually, on B r (0) x T 1 the vector field F is the gradient of — / with respect to 
a smooth metric of the form a p (Ci,C2) = (TfyCuCz), P G M, Ci , C2 G T p M = iJ © R. Here 
T G C°°(B r (0) x T 1 , Sym n GL(H © R)) is positive, and verifies 

T(Z,s)=I for s£ br/2,a(l)], T(p)F(p) = -grad/(p) for p G S r (0) x T 1 , 

where grad/ denotes the gradient of / with respect to the flat metric on H x T 1 . Such a map T 
can be easily found because by Ij4.4|l . (F(p), — grad/(p)) > for every p G B r (0) x [7r/2, ct(1)]. 



5 Orientation of W u (x) n W s (y) 

The first example of the previous section shows that the transverse intersection of an unstable 
and a stable manifold of two rest points with infinite Morse index and co-index, even if finite 
dimensional, needs not be orientable. This intersection will be orientable when the vector field 
satisfies (Cl-2) with respect to a subbundle of TM. 



Orientation of Predholm pairs. We need to recall some facts about the orientation bundle 
on the space of Fredholm pairs. See Appendix A for more details. For H a real Hilbert space and 
11 £ N, we denote by Or(Gr„ !00 (7J)) — > Gr„ j00 (_ff) the orientation bundle of the Grassmannian of 
n-dimensional subspaces of H: the fiber of X G Gr n]00 (i?) consists of the two orientations of X. 
Similarly, Or(Fp(iJ)) — > Fp(iJ) denotes the orientation bundle of the space of Fredholm pairs: 
the fiber of (V, W) G Fp(Zf) consists of the two orientations of the finite dimensional vector space 
(V n W) x (H/(V + HO)*. This bundle is actually a double covering of Fp(if). If H -► B is a 
Hilbert bundle, we obtain the bundles 0r(Gr„ iOO (W)) — > B, Or(Fp(H)) — > £?, where 

0r(Gr niOO (W) = (J 0r(Gr n>oo (W 6 )), Or(Fp(H) = (J Or(Fp(W 6 )), 

and the maps 

Or(Gr ni00 (W)) -> Gr„ >0O (W), Or(Fp(W)) - Fp(W) 

are double coverings. 

Let neff. If 5(n, Fp) denotes the open set consisting of all (X, (V, W)) in Gr„ i00 (iJ) x Fp(iJ) 
such that 107= (0), the map S(n, Fp) -> Fp(#), (A, (V, W)) H(IeF, W), is continuous, 
and it lifts to a continuous map - the product of orientations - 

(ox,0(y,W)) ' * OxA°(V,W)! 
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from the corresponding open subset of Or(Gr„ !OC (77)) x Or(Fp(_ff)) to Or(Fp(_ff)). If a : B — > 
Gr„ !00 (7i), /3, 7 : _B — > Fp(7Y) are continuous sections such that 

a(6)n/9i(6) = (0) and (a(6) © ft (&),/%(&)) = 7(6), Vfe € B, 

for any choice of liftings of two of a, [3, 7 to the orientation bundles, there is a unique lifting of 
the third one such that a(b)f\$(b) = 7(6) for every b E B. 



Orientation of W u (x) n W s (y). Let V be a C 1 subbundlc of TM, and let us assume that 
the Morse vector field F satisfies (Cl-2) with respect to V. By (CI) for every rest point x the 
pair (H*,V(x)) is a Fredholm pair. Let us fix arbitrarily an orientation o x of (H^.,V(x)), Let 
x,y S rest (F) be such that W u (x) and W s (y) have a non-empty and transverse intersection. By 
Theorem 13. 31 W u (x) D (y) is an immersed submanifold of dimension n — m(x, V) — m(y, V). In 
this section we will prove that W u (x) n W^ s (?/) is orientable, and we will show how an orientation 
of such a manifold is determined by the orientations o x and o y . 

Let ft™ : H% — ► M and h s y : H y M be injective C 1 immersions onto W u (a:) and W s (y) 
such that ft"(Q) = a; and ft^(0) = y. Then W"(x) fl W s (y) is the image of the injective immersion 
h = h% o p u — hy o p s : VF — * M coming from the fiber product square of the transverse maps ft" 
and ft 8 : 

w _^ flj W={(£, V )e HI x ff- I ft«(£) = h s y (r,)} . 




Giving an orientation to W u (x) D W*(y) is equivalent to lifting the section 

r : W -> Gr„ )00 (ft* (TM)), w h- T h(lo) (W^(i) n W s (</)), 

to a section t :W ~> 0r(Gr„ iOO (ft* (TM))). 
Since iJ 8 is contractible, the section 

ff 8 - Fp(ft**(TM)), 77^ (T hl(ri) W s (y),V(K(v))), 

has a unique lifting H y — > 0r(Fp(ft 8 *(TM))) whose value at is o y . By composition with the 
projection p s : W — ► ff*, we obtain the section 

lo:W^ Fp (ft* (TM)), u, ^ (T Mw) W s (j/), V(ftH)), 

and a lifting of w, w : VF -> Or(Fp(ft* (TM))). 

Let Y :W — > Gr(ft* (TM)) be a continuous section of linear supplements of T(VF u (ie) n W- 75 (y)) 
in TW%), that is 

T Hw) W s {y) = T h(w) {W u (x) n W s {y)) © Y(k;), Vu; e W. 

By the transversality of the intersection of W u {x) and W s (y), Y(w) is a linear supplement of 
T h(w) W u (x) in T h(w) M, so by Theorem El (Hi), 

lim D(j) t {h{w))Y{w) = 



and the limit is locally uniform in W. Therefore the map A : [—00, 0] x W — > Fp(TM) defined by 

Alt w) = U D MhH)Y(w),V(MHw)))) for t > -co, 
l ' ' \(H°,V(x)) fart =-00, 
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is continuous. Let A : [— oo, 0] x W — > Or(Fp(TM)) be the unique lifting of A such that 
A(— oo, w) — o x for any w £ W. By restriction to {0} x W, we obtain the section 



a : W ^ Fp{h*(TM)), 



w i — ► 



(7(w)),V(/j(w))) 



and a lifting of a, a : W -> Or(Fp(/i* (TM))). 
By construction, 



r(w) n ai(u)) = (0) and (r(w) ai(iy), a^Cw)) 



so t has a unique lifting t :W —> 0r(Gr„ iO0 (/i*(TM))) such that 



T(w)/\a(w) 



which provides us with an orientation of W u (x) fl W s (y) . 

Since the set of linear supplements of T p (W u {x) D W s (y)) in T p W u (x) is connected, the orien- 
tation we have defined does not depend on the choice of Y . The construction shows that it does 
not depend on the choice of the immersions h™ and h s . 



The Palais-Smale condition. Let F be a gradient-like Morse vector field on M. Then the sta- 
ble and unstable manifolds are (embedded) submanifolds, and so are their transverse intersections. 
We would like to state a set of assumptions which imply that W u (x) fl W s {y) is pre-compact, i.e. 
it has compact closure in M . The first assumption is a version of the well known Palais-Smale 
condition: 

6.1 Definition. Let F be aC 1 vector field on M, and f £ C X (M) be a Lyapunov function for F. 
A (PS) sequence for (F, f) is a sequence (p n ) C M with f(p n ) bounded and Df(p n )[F(p n )] 0. 
The pair (F, f) satisfies the (PS) condition if every (PS) sequence is compact. We shall say that 
F satisfies (PS) if (F, f) satisfies (PS) for some Lyapunov function f . 

When F is the negative gradient of a function / with respect to some Riemannian metric on M, 
one finds the usual notion of a Palais-Smale sequence: f(p n ) bounded and ||D/(p n )|| infinitesimal. 

Since Df(p)[F(p)] < for p rest (F), the limit points of the (PS) sequences are rest points 
of F. If (F, f) satisfies (PS), then the set rest (F) n {a < f < b} is compact for every a, b £ M. If 
moreover F is a Morse vector field, this set is also discrete, hence finite. 

6.2 Remark. (Genesis of (PS) sequences) Let (t n ,p n ) £ Cl(F) be such that t n — > +oo, and f(p n ), 
f(4>{t n ,Pn)) are bounded. Then by the mean value theorem there exists s n £ [0,t n ] such that 
(<f>(s n ,p n )) is a (PS) sequence for (F,f). 

The second assumption is the completeness of F, that is the fact that the local flow <p(t, •) of 
F is defined for every t, i.e. Sl(F) =lxM. 

6.3 Remark. Notice that multiplying F by a positive function does not change W u (x) D W s (y), 
whereas it may have an effect on the validity of the (PS) and the completeness assumption. For 
instance, multiplication by a suitably small function makes the vector field complete, while multi- 
plication by a suitable large function makes (PS) true, when rest (F) n /^ 1 ([a, b]) is compact for 
every a,b £ R. The two assumptions are meaningful here only when considered together. 

Essentially vertical families. As we shall see, the (PS) condition and the completeness imply 
that W u (x) n W s (y) has compact closure, when either all the rest points of F have finite Morse 
index, or they have finite Morse co-index. However, they are not sufficient in the general case. 

The first assumption we need in the general case is that the essential subbundle £ of TM 
should have a strong integrable structure A modeled on (H, V) (see Definition II. lj l. In this case, 
denoting by Q a linear projector with kernel V, we can introduce the following: 



6 Compactness of W u (x) n W s (y) 
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6.4 Definition. A family T of subsets of M is called an essentially vertical family for the strong 
integrable structure A of £ if it satisfies: 

(i) it is an ideal ofV(M), meaning that it is closed for finite unions and if A £ T then any 
subset of A is also in T; 

(ii) every point p has a neighborhood U which is the domain of a chart tp £ A such that every 
set Ad U with <p(A) bounded belongs to T if and only if Qip(A) is pre-compact. 

Once an essentially vertical family T has been fixed, its elements will be called essentially 
vertical sets. Clearly, there can be many different essentially vertical families associated to the 
same strong integrable structure of £, because only the "small" essentially vertical subsets are 
determined. 

The family T will be called positively invariant if it is closed under the positive action of the 
flow 4>: for every A £ T and every t > 0, the set </>([0, t] x A) is in T. 
The main result of this section is the following compactness theorem. 

6.5 Theorem. Assume that the Morse gradient-like vector field F is complete, satisfies (CI) with 
respect to an essential subbundle £ ofTM, and satisfies (PS). Assume also that £ has a strong 
integrable structure A modeled on (H, V) and an essentially vertical family T ' , which is positively 
invariant for the flow of F . 

Let (p n ) C M, (s n ) C (—oo,0] 7 (t n ) C [0, +oo), be such that (<j){s n ,p n )) converges to a rest 
point x, while (<fi{t n ,p n )) converges to a rest point y. Then the sequence (p n ) is compact. 

An immediate consequence is the following corollary. 

6.6 Corollary. Under the assumptions of Theorem \6. 51 for every x, y £ rest (F) the intersection 
W u {x) H W s {y) is pre-compact. 

In order to prove the above theorem, we need to establish the following lemma. 

6.7 Lemma. Let x be a rest point of F. Then x has a fundamental system of neighborhoods U 
such that: 

(i) the set W u (x) HU is essentially vertical; 

(ii) if A C U is essentially vertical, then An W s {x) is pre-compact. 

Furthermore, if f is a non-degenerate Lyapunov function for F , for any sequence (p n ) C U 
converging to x there holds: 

(Hi) if t n > is such that 4>(t n ,p n ) £ dll then the set {(f>(t n ,p n ) \ n £ N} is essentially vertical, 
and 

limsup/(0(i n ,p„)) < f{x). 

n — >oo 

(iv) if t n < is such that <fi(t n ,p n ) £ dU then the set {(j)(t n ,p n ) \ n£ N} has a pre-compact 
intersection with any essentially vertical subset of M , and 

liminf f(<f>(t n ,p„)) > f{x). 

n — >oo 

Proof. By choosing a chart ip £ A satisfying property (ii) in Definition 16.41 we can identify a 
neighborhood U of x in M with a bounded neighborhood - still denoted by U - of in H, in such 
a way that x corresponds to 0, the essential subbundle £ is represented by the constant subbundle 
V, the kernel of a projector Q, and the essentially vertical subsets A c U are those for which QA 
is pre-compact. 

Let H = H u © H s , with projections P u , P s , be the splitting into the linear unstable and the 
stable spaces of the hyperbolic rest point 0. Endow H with an adapted norm || • || (see Appendix 
C), and denote by H u {r), H 8 {r) the closed r-balls of H u and H s , respectively. Up to reducing 
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the neighborhood U, we may assume that U = H u (r) x H s (r), where r > is so small that all 
the results of Appendix C hold. 

By (CI), H u is a compact perturbation of V. Therefore, we may assume that Q is a compact 
perturbation of P s . By Remark |l .21 and by the boundeness of U, a subset A C U is essentially 
vertical if and only if P S A is pre-compact. In particular, the graph of a map a : H u (r) —* H s (r) 
is essentially vertical if and only if the map a is compact. 

Let Co : H u (r) x H s (r) be a 1-Lipschitz map. By the graph transform method (Proposition 
Ell, for every t > the set 

{00,0 I f G graph (j and 0([O,t] x {£}) C ff"(r) x ff s (r)} 

is the graph of a 1-Lipschitz map trt : H u (r) — > H s (r) , and at converges uniformly to a map a u 
for t — ► +oo, with graph ct" = W / 1 q CJ ,(0), the local unstable manifold of 0. If ao is a compact 
map - for example ctq = - the fact that the family T is positively invariant implies that at is 
a compact map for every t > 0. By the uniform convergence, cr" is also compact, so the local 
unstable manifold W£ CI ,(0) is an essentially vertical set. By TheoremEU W£ c ,r(°) = W(a;)n{7, 
proving (i). 

The local stable manifold Wj* c r (0) is the graph of a 1-Lipschitz map a s : H s {r) — > H u (r). Let 
Ac !7be an essentially vertical subset, that is P S A is pre-compact. Then 

^ n ^ ^(0) = graphcr s |pa^ 

is also pre-compact. By Theorem IC. 71 Wf oc r (0) = FF s (a;) n f7, proving (ii). 

Let (jp n ) C f be a sequence converging to 0, and t n > such that <fi(t n ,p n ) G 9?7. By Lemma 

ir~n 

limsup/(0(t n ,p„)) < /(0), 

n— *OC 

lim dist {<f>(t n , Pn ), wgc r (o) n at/) = 0. 

n — >oo ' 

The first limit proves part of assertion (iii). By the second limit, we can find a sequence (q„) C 
Wj" c r (0) such that \\<j)(t n ,p n ) — q n \\ is infinitesimal. In particular \\P s <j)(t n ,p n ) — P s q n \\ is infinites- 
imal. By (i), the sequence (P s q n ) is compact. So also the sequence (P s (f>(t n7 p n )) is compact. This 
proves that the set {<j>(t n ,p n ) \ n E N} is essentially vertical, concluding the proof of (iii). 

The fact that a s is 1-Lipschitz implies that 

\\F"£-( T '(P'Z)\\ < V2dist(£,graphcr s ) V£ e U. (6.1) 

Indeed, if £ G J7 and c > 1 we can find 77 € graph er s such that 

U-V\\ < c dist (^, graph cr 5 ). 

Since P u r\ = a s (P s rj) and since a s is 1-Lipschitz, 

|| P «£ _ ^(P^)|| < - i^rjll + Ik^P^) - a s (P s 0\\ 

< \\P u £-P u ri\\ + \\P s r)-P s Z\\ <V2U- V \\ < cV2 dist (C, graph a s ), 

and since c > 1 is arbitrary, (|6.1(l follows. 

Now assume that t n < are such that <f>(t n) p n ) € 5f7. By Lemma l(J . 41 applied to — F, 

liminf f(<p(t n ,p n )) > /(0), 

n — »-co 

lim dist (0(tn,ftO, Woe r(0) H SCO = 0. 
n — 'oc 

The first limit proves part of assertion (iv). Let A C U be an essentially vertical set, that is P S A 
is pre-compact. If the set A n {0(t„,p„) | n € N} is infinite (otherwise there is nothing to prove), 
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its elements form a subsequence (4>(tn k ,Pn k )) such that the sequence (P s <p(t nk ,p nk )) is compact. 
By the continuity of a s , also the sequence (a s (P s <f>(t nk , Pn k ))) is compact. By H6.ll . 

\\P v cf>{t nh , Pnk ) - a s (P s ^(t nk ,p nk ))\\ < V2 dist (<t>(t m , p„J), graph a s ) 

< v^dist (ct>(in k ,p nk )), Wf oc jO) n 9/7) 

is infinitesimal, so also (P u 4>(t nk ,p nk )) is compact. We deduce that (<j)(t nk ,p nk )) is compact, 
concluding the proof of (iv). □ 

Proof [of Theorem 16. 5j . Let / be a non-degenerate Lyapunov function for F such that (F , /) 
satisfies (PS). Up to taking a subsequence of (p n ) and changing (s„) and a;, we may assume that 
for no choice of a sequence (r„) c] — oo, 0], the sequence {<fi(r n ,p n )) has a subsequence which 
converges to a rest point z with /(z) < f(x). Indeed, since there are finitely many rest points z 
such that f(y) < f(z) < f(x), the set 

Z := |z G rest (F) /(z) < /(x) and there exists (rife) C N increasing and s' k < 

such that lim (j){s' k ,p nk ) = z > 

k — >oo J 

is finite, and non-empty because it contains x. Let x' = lim^oo 4>{s' k ,p nk ) be a point of iJ where 
/ attains its minimum. Then the latter requirement is verified with (p nk ), i s k)> an< ^ x '• 

Similarly, by taking a further subsequence of (p n ), and by changing (t n ) and y, we may assume 
that for no choice of a sequence (r n ) C R, the sequence (4>{r n ,p n )) has a subsequence which 
converges to a rest point z with /(y) < /(z) < f(x). If either x or y is a cluster point for (p n ) 
there is nothing to prove, so we may assume that (p n ) is bounded away from x and y. 

By Lemma [6.71 (iii), there exists a closed neighborhood U C M of x such that p n ^ [7, and 
choosing s' n G]s„,0[ such that (t>(s' n ,p n ) € (for n large), we have 

{(/>(s^,p„) | n £ N} is essentially vertical, (6.2) 
limsup/(<^(s^,p„)) < f(x). (6.3) 

n — 'oc 

By Lcmma lBTfl fiv 1 ) . there exists a closed neighborhood V C M of ?/ such that p n ^ V, and choosing 
t' n e]0, i„[ such that 4>(t' n ,p n ) € 9V (for n large), we have 

{<t>(t' n ,p n ) | n € N} n A is pre-compact for every essentially vertical set A c M, (6-4) 

liminf/MCPn)) >/(!/)• (6-5) 

n — voo 

The (PS) condition implies that (t^ — s^) is bounded: otherwise by Remark 16.21 l|6.3|) and l|6.5|) . 
we would obtain a sequence (r„) C R such that {4>{r n ,Pn)) has a subsequence converging to a rest 
point z, with /(y) < /(z) < /(x), contradicting our previous assumption. Therefore t' n — s' n < T 
for every n S N. 

Since the essentially vertical family J 7 is positively invariant, H6.2(l implies that the set 

W n ,p n ) | n G N} c 0([O,T] x {cj>{s' n ,p n ) | n G N}) 

is essentially vertical. But then we can choose A = {<j>(t' n ,p n ) \ n G N} in l|6.4() . and we obtain 
that the sequence (4>(t' n ,p n )) is compact. By the boundeness of t' n and by the fact that the vector 
field F is complete, we conclude that also the sequence (p n ) is compact. □ 

6.8 Remark. An argument similar to the one used above shows that, if F satisfies the assumptions 
of Theorem \6.5[ x G rest (F) and a G WL, then the set W u (x) n {/ > a} is essentially vertical. 
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Examples. Let us see what Theorem 16.51 savs in the cases of finite Morse indices or co-indices. 

6.9 Example. (Vector fields whose rest points have finite Morse index or co-index) Notice that 
the trivial subbundle £ = (0) (relevant in the case of rest points with finite Morse index, see 
Example has a strong integrable structure (choose any atlas of M). The family consisting 
of all pre- compact subsets of M is a family of essentially vertical subsets for £ = (0), and it is 
obviously closed under the action of the flow. 

Similarly, the trivial subbundle £ — TM (relevant in the case of rest points with finite Morse 
co-index) has a strong integrable structure (again, consider an arbitrary atlas of M). The family 
consisting of all subsets of M is a family of essentially vertical subsets for £ — TM , clearly closed 
under the action of the flow. 

We have already seen that in the case £ = (0) (resp. £ = TM) (CI) is equivalent to the fact 
that all the rest points of F have finite Morse index (resp. co-index). 

Therefore the conclusion of Theorem 1 6'. 51 holds when (i) the C 1 vector field F is Morse and 
gradient-like, (ii) either all the rest points of F have finite Morse index, or they have finite Morse 
co-index, (Hi) F satisfies (PS), and (iv) F is complete. 

Now let us look back at Example 12.31 

6.10 Example. (Perturbations of a non-degenerate quadratic form) Assume that M = H is a 
Hilbert space, and consider a function of the form 

/(0 = fa, 0+b(0, 

where L £ £(-ff) is self-adjoint invertible, and the gradient of the function b G C' 2 (H) is a compact 
map. Let F be the (negative) gradient vector field of f, 

F(0 = -grad/(0 = -Li- grad6(£). 

//gradfe has linear growth - i.e. ||gradfe(£)|| < c(l + j|£||) for every £ S H - then F is complete, 
its flow 4> maps bounded subsets ofUlxH into bounded subsets of H , and it satisfies 

<t>(t, = e- tL i - [ e^-^grad b(<t>(s, £)) da. (6.6) 
Jo 

Consider the constant subbundle V = V~(L), and the orthogonal projection Q with kernel V . This 
bundle has the trivial strong integrable structure modeled on (H, V) consisting of the identity map: 
A = {I}. The family T consisting of all bounded subsets A of H such that QA is pre-compact is 
an essentially vertical family for A. Moreover the identity i)6'.6|) together with the fact that gradb 
is a compact map implies that T is invariant for <p. 

The assumption that grad b has linear growth can be easily dropped. Indeed, the vector field 

F(0 = -MOgrad /(£), where h(0 = - ' 



l|grad/(£)ir 

is bounded, hence complete, and its flow <f> maps bounded subsets of R x H into bounded sub- 
sets of H. Notice that f is a non-degenerate Lyapunov function for F , and since Df[F] = 
— ||grad/|| 2 /(l + ||grad/|| 2 ), the Palais-Smale sequences for (F,f) (in the sense of Definition \6. f\) 
are exactly the Palais-Smale sequences for f (in the usual sense). The flow <fi satisfies 

4>(t, = e -^ L i - [ h(4>(t, 0) e (r( ^ T(t ' 5)) Vad6(0( S , 0) ds > 
Jo 

where r : R x H — ► R is the function 

r(t,0 = / h(4>(s,0)ds. 
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Then \r(t, £)| < \t\, and the fact that gradfe is a compact map again implies that the family T is 
invariant for <f>. 

We conclude that the thesis of the compactness Theorem 16'. 51 holds, when L is invertible and 
self-adjoint, b € C 2 (H) has compact gradient, and f satisfies the Palais-Smale condition. 

In the case of a non-trivial subbundle £ the question is how to find an essentially vertical family 
which is closed under the action of the flow of F. This question will be addressed in the next 
section. 

7 Flow- invariant essentially vertical families 

Hausdorff measure of non-compactness. We recall that the Hausdorff distance of two sub- 
sets A, B of a metric space X is the number 

dist-^A, B) = maxj sup inf dist (a, 6), sup inf dist (a, b) > £ [0, +oo]. 

We denote by Tt(X) the family of all closed subsets of X, and by Hb(X) the subfamily consisting 
of bounded subsets, which is a metric space with the Hausdorff distance. A related concept is the 
notion of measure of non-compactness. If A is a subset of a metric space X, its Hausdorff measure 
of non- compactness is 

Px(A) := inf {r > | A can be covered by finitely many balls of radius r} E [0, +00] . 

Equivalently, (3x{A) is the distance from the set of compact subsets of X: 

(3 X {A) = inf{distw(A,iT) \ K <z X compact}. (7.1) 

It has the following properties (see Dci85 , section 2.7.3): 

(a) Px (A) < +00 if and only if A is bounded; 

(b) Px(A) = if and only if A is totally bounded; 

(c) if Ai C A 2 then p x (A x ) < (3 X {A 2 ); 

(d) [3x{A)<(3 A {A)<2{3x{A); 

(e) /3 x (AiUA 2 ) =max{/? x (Ai),/?x(A 2 )}; 

(f) (3 X (A) = pxiA); 

(g) fix is continuous with respect to the Hausdorff distance. 

If X is a normed vector space, denoting by coA the convex hull of A C X, we also have: 

(h) (3 X (XA) = \X\f3 x (A), and (3 X (A 1 + A 2 ) < fe(Ai) + fe(A 2 ); 
(j) (3 x (coA)=f3 x (A). 

Admissible presentations. We shall require that the essential subbundle £ of TM has a strong 
presentation (see Dcfinition ll.5|) which satisfies the following finiteness and a uniformity conditions. 

7.1 Definition. A strong presentation {Mi,Ni, Qi}i<=i is called an admissible presentation if the 
Hilbert manifolds AT, are endowed with complete Riemannian metrics, and 

(i) the covering {Mi}i e i is star-finite (i.e. every Mi has non-empty intersection with finitely 
many Mj 's); 



29 



(ii) there is r > such that for every p £ M there exists i € I such that 

Q7\Br(Qi(p))) c Mi. 



An admissible presentation for £ determines a strong integrable structure A (see Proposition 
II. 4|) . Moreover, it determines a useful family of essentially vertical subsets of M. Indeed, let T be 
the family of subsets A C M such that: 

A can be covered by finitely many Mi's; (7-2) 
for every i £ I, Qi(A D Mi) is pre-compact. (7-3) 

Proposition II .41 implies that this is a family of essentially vertical sets for the strong integrable 
structure A. 

Given an admissible presentation of £ as above, we shall assume the following condition on the 
vector field F: 

(C3) (i) there is b > such that \\DQi o F\\oo < b for every i £ I; 

(ii) for every i £ I and q £ Ni, there exists 6 — S(q) > and c = c(q) > such that 

P T m(DQ t (F(A))) < c0 Ni (Qi(A)), VA c Qi\B s (q)). (7.4) 

Here the tangent bundle TNi is given the standard metric induced by the Riemannian structure 
of Ni. Notice that no Riemannian metric on M is involved in this condition. 

7.2 Remark. If (C3)-(ii) holds, we can replace the point q £ Ni by a compact set K a Ni in 
\7.4\ ): for every i £ I and every compact set K C Ni, there exists S = 5(K) > and c = c(K) > 
such that 

PrNi(DQi(F(A))) < c/3 Ni (Qi(A)), VA c Q^\N S (K)), 
where N$(K) denotes the S -neighborhood of K. 

7.3 Remark. If E is a Hilbert space and Q : M — > E is a C 1 map, one often makes no distinction 
between the tangential map DQ : TM — > TE — E x E, (p,^) i— * (Q(p), DQ(p)[^]), and its second 
component DQ : TM — > E, (p,Q l— * DQ(p)[£]- When N = E is a Hilbert space, we are allowed 
to replace the tangential map of Qi by its second component in \7.4\j , writing f3E{DQi{F(A))) 
instead of (3ExE{DQi(F(A))) on the left-hand side of the inequality. Indeed, if S C TE — E x E, 
and Pi , P2 '■ E x E — > E are the projections onto the first and the second factor, we have 

max{/3 E (P 1 5),/3 B (P 2 ^)} < /3 ExE {S) < (3 E {PiS) + p E (P 2 S). 

The main result of this section is the following proposition. 

7.4 Proposition. Let {Mi,N, Qi}i^i be an admissible presentation for the essential subbundle 
£ ofTM. Assume that the vector field F is complete and satisfies condition (C3). Then the 
essentially vertical family T defined by [7.2$ and [7.3$ is positively invariant for the flow of F. 

We start with the following local result. 

7.5 Lemma. Let Q : M — * E be a C 1 map into a Hilbert space. Let A C M be such that Q(A) is 
pre-compact, and let t* > be such that [0,t*] x A C Q(F). Assume that there exists c > such 
that 

p E (DQ(F(A'))) < cf3 E (Q(A')), yA' c 0([O, t*] x A). 
Then Q(0([O, t*] x ^4)) is pre-compact. 
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Proof. Let n — [ct*\ + 1, and set r = t* /n, so that re < 1. For k G N, < k < n, set 
A k = 0([O, fcr] x A). Since 

c(^(*,p)) = q(p) +* • 7 / £>e(0(*,p))TO(*,p))] 

we have 

Q(A fe+1 ) = Q(<X[0,r] x A fc ) C Q(A fe ) + [0,r]cd(DQ{F(A k+1 ))). 

So, by the properties (c), (h), and (j) of the Hausdorff measure of non-compactness, for < k < 
n — 1 we have, 

E {Q{A k+1 )) < (3 E {Q{A k )) +T/3 E (co(DQ{F(A k+1 )))) 
< P E {Q{A k )) + T(3 E {DQ{F(A k+1 ))) < (3 E {Q{A k )) + rcf3 E {Q(A k+1 )). 

Since re < 1, 

p E (Q(A k+1 )) < -J—0 E (Q(A k )), fc = 0,l,...,n-l, 

1 — TC 

and the fact that f3 E {Q{A )) = implies that (3 E ((t>{[0, t*} x A)) = /3 B (Q(A„)) = 0, as claimed. □ 

7.6 Example. The conclusion of the above lemma is not implied by the weaker assumption that 
Q(F(S)) should be compact for every set S such that Q(S) is compact, as the following example 
shows. 

Let H — ^2(^)7 let {e k \ k G Z} be its standard orthonormal basis, let H~ = span {e k \ k < 0}, 
H + = span {e k \ k > 0}, and let Q be the orthogonal projector onto H~ . Then there exists a 
smooth bounded vector field F : H — > H whose restriction to any set of the form 

{UH\\Z-Zo\<r} + H-, £oeff + , r<l, (7.5) 

has finite rank, and whose flow <j) has the property that 



QM{^H+ I Id <!}) 



is not compact. In particular, F(A) is compact and finite dimensional whenever f3 H -{QA) < 1. 

To construct such a vector field, for k G N* choose two functions f k ,g k £ C°°(R) such that 
f k (s) = y/s + 1/k for s € [0, 2], ll/feHoo < 2, g k (l) = 1, g k (s) = for s < 1 - 1/fc, < g k < 1. Let 
X G C°°(R) be a function with compact support such that x( s ) — 1 f or \ s \ < 2, and set 

00 

F(0 ■= X(\Z\) e-fc)A« • e k )e k , £ G H. 

k=l 

The restriction of the vector field F to a set of the kind |7.5| ) has image contained in the finite 
dimensional subspace span {e k \ k G N, £-e k + l/k>l — rj . On the other hand, an easy compu- 
tation shows that ^ 

(f>(t, e_ fc ) = e_ fc + e k, k > 1, < t < I, 

so the set {Q<p{t, e— k ) \ k > 1} does not have compact closure, for any t G [0, 1]. 

7.7 Lemma. Let {Mi, Ni, Qi}iei be an admissible presentation of the essential subbundle E of 
TM. Let F be a C 1 complete vector field satisfying 

WDQioFW^Kb Vie I, 

for some b > 0. 



(i) U Qi 1 (B r (Q l {p))) C Mi, then (f>(s,p) G Mi for every \s\ < r/b, and 

dist (Qi(<t>(s,p)), Qi(p)) <b\s\. (7.6) 
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(ii) If a set A C M can be covered by finitely many M[s, then A = {J ieIo Ai, where 

Ai = {p £ An Mi | Q-^BriQifr))) C , (7.7) 

and Io <Z I is finite. 

(iii) If a set A C M can be covered by finitely many Mi's, then </>([0, t] x A) can be covered by 
finitely many Mi 's, for every t > 0. 

Proof, (i) Let J be the maximal interval of numbers s for which <p(s,p) £ Mj. Then 

d 



dist(Q i (^(s,p)),Q i (p)) < 

\DQioF{<t>{o-,p))\do- 



, Qi(^p)) 
da 



da 

< b\s\ Vs £ J. 



Together with the fact that the closure of Q i (B r (Qi(p))) is contained in Mi, this implies that 
] - r/b,r/b[c J and H2J). 

(ii) Since A is covered by finitely many Mj's and the covering {Mj} ie / is star-finite, the indices 
i £ I for which Ai form a finite subset Jo- By the uniformity property of the presentation 
(Definition O (iv)), A = \J ie i A i- 

(iii) If Ai are the sets defined in (|7.7() . statement (i) implies that </>([0, r/6[x^L;) C Mi for every 
i G Io- Therefore 0([O, r/6[xA) is covered by the finite covering {Mi}i & i , and the conclusion 
follows by induction. □ 

Proof [of Proposition 17. 4j . By Lemma l7.7l (iii). </>(0,t] x A is covered by finitely many Mts, so 
it is enough to show that the interval 

T(A) = {t>0\ Qi((j)([Q,t] x A)) is pre-compact in N h Vi £ 1} 

coincides with [0, +oo[. Since £ 7"(^4), we can argue by connectedness proving that T(A) is both 
open and closed in [0, +00 [. 

We claim that T(A) is open in [0, +00 [. Let t £ T(A). By Lemma 1771 (ii), <p([Q,t] x A) = 
Uiei A i> where 



Ai 



{p £ 0([O, i]xl)n M ( I Q-\B r (Qi(p))) c Mi I , (7.. 



and Iq C J is finite. Clearly, T(A) = [0, t] + C\iei T{Ai), so it is enough to prove that supT(Ai) > 
0, for every i £ Iq. 

Let i £ Iq. Since Qi(Ai) is pre-compact, (C3)-(ii), together with Remark 17.21 implies that 
there exist c > and S > such that 

0TNi(DQi o F(S)) < cp Ni {Qi(S)) VS C Qi 1 (N s (Q i (A l ))). (7.9) 



Moreover, Qi(Ai) is covered by finitely many coordinate neighborhoods; there exist ^i, . . . , Q n £ 
Qi(Ai), < p < min{<5,r}, Qi(^4j) C |J" = i B p / 2 {q ), and local charts 

-0J : dom (ipj) — > £, 



with B p (qj) C dom^j), ipj(B p (qj)) C dom(V^- ), and ^ , Z3-0.,- Lipschitz. Then = Uj=i ^) 
with A\ = Aid Qi 1 (B p / 2 (q ] )). Again, it suffices to show that supT(A^) > 0. 

Let 1 < j < n, and set U = Q~ x (B p (qj)) . Since p < r and qj £ Qi(Ai), by the definition of Ai 

we have 

U C Qi 1 (B r (q j )) C Mi. (7.10) 
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Let p £ A\ C Mi. Let [0, t(j>)[, < r(p) < +00, be the maximal interval of positive numbers s for 
which 4>(s,p) £ U. By Lemma IV. 71 (T). 

dist (Q^0,p)), fc) < dist {Qi{(t>(s,p)), Qt(p)) + dist (Qi(p),qj) < bs + p/2 

for every s £ [0, r(p)[. Together with l|7.10|l this implies that r(p) > p/(2b). Therefore 

#[0,p/(2&)[x4)ctf. (7.11) 

Let Q := 4>j o Q l : U —> E. Since p < 5 and q 3 £ Qi(A,-), [/ is contained in Q i " 1 (iV 5 (Q i (^i)))- 
By ((Eg, for any 5 C U, 

l3 E ((DQ t o F)(5)) < (3exe((DQ o F)(5)) = /W(£>^ ^Q^(S))) 
< lip^O^T^pQi o F(5)) < clip(Ityi)/MfiiOS)) 

= chp^O/W^Q^))) < c iip(^ J )iip(^7 1 )/3£(Q(^))- 

By (|T. 1 L|> - we can take S = 4>([0, pj (2b)[xA J i ) in the above inequality, and Lemma 1731 implies that 
Q(4>([0, p/2b[xA\)) is pre-compact in E. 

Since B p (qj) C dom(^j) and ipj(B p (qj)) C dom(V'~ 1 ), the set 



Q i (cj>([0,p/(2b)[xAi))=^\Q( (f) ([0, p /(2b)[xAi))) 

is a compact subset of A/j. Therefore supT(A^) > p/(2b) > 0, as we wished to prove. 

There remains to show that the interval T(A) is closed. Let t = supT(A). By Lemma 17771 (ii), 
<£([0,f] x A) = {J ieIg Ai, where Ai is defined in (|7.8|l and Iq C I is finite. It is enough to prove 
that Qi(Ai) has compact closure in Ni, for any i £ Iq. 

Fix i £ Joi an d let 9fc = Qi(0(*,Pfe)), where pfc € A and <j>(t,pk) £ A,-, be a sequence in Qj(Aj). 
By Lemma r7.7l (i), 0(i — T,pk) £ Mi for any < r < r/6, and 

dist(ei(^(t-T,p fc )),g fc ) < br. (7.12) 

Since i = supT(A), the sequence {Qi(<f>(t — r,pfc)))fe e N is compact for any < t < r/b. Then 
(|7.12(1 and the completeness of Ni imply that also the sequence (qk) is compact, proving that 
Qi(Ai) is pre-compact. □ 

Properties of condition (C3). Condition (C3) is stronger than (C2), and like (C2) it is a 
convex condition. Indeed, the following result holds. 

7.8 Proposition. Let {Mi, Ni, Qi}i^i be an admissible presentation of the essential subbundle 
£ . The following facts hold: 

(i) condition (C3) implies condition (C2); 

(ii) the vector fields F satisfying (C3) form a module over the ring C 1 (M) n C®(M) 

Proof, (i) Let i £ I, p £ M», and set q := Qi(p). Up to the composition with C 1 local charts 

tp : dom (if) C Mi —> H, p £ dom (ip), ip : dom (-0) C N — > E, q £ dom (ip), 

such that ip, and Dip are bi-Lipschitz, we may assume that Qi is a C 1 semi-Fredholm map with 
ind Qi > from an open set of the Hilbert space H into the Hilbert space E. By (C3)-(ii) and 
Remark 17.31 there exist 5 > and c > such that 

0js(DQi(F(A))) < cf3 E (Qi(A)) VA c Qr 1 (B s (q)). (7.13) 
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Let T e C(H, E) be a linear map with finite rank such that DQi(p) + T is surjective. Since T has 
finite rank, 

^(Qi(A)) = (3 B ((Qi + T)(A)), (3 E (DQ l (F(A))) = p E (D(Q t + T)(F(A))). (7.14) 

The map Qi + T is a local submersion at p, so up to considering a change of variable at p, we may 
assume that the restriction of Qi to a neighborhood U of p coincides with a linear surjective map 
Q from H to E, which by (fTTTT^ and f7~T4")) verifies 

0e(QF(A)) < cf3 B (QA) VAcQ-^Bsiq^nU. (7.15) 

By composing with a linear right inverse of Q, we may also assume that E is a closed subspace 
of H and that Q is a linear projector onto F. In these coordinates, the essential subbundle £ is 
locally represented by the constant subbundle kerQ, with projector P = I — Q. By l|7.15|l . the 
map (7 — P)FP is compact in a neighborhood of p, so its differential at p, 

D{{I - P)FP){p) = {I - P)DF(p)P = (L F P)(p)P, 

is a compact operator, proving (C2). 

(ii) Let Fx and F 2 be C 1 tangent vector fields on M, and let hi, ha € C X (M) n C£(M). Let 
i e I. Clearly, if Fi and F2 satisfy (C3)-(i) with constants b\ and 62, /ii-Fi + ft 2 F 2 satisfy (C3)-(i) 
with constant ||/ix||oo&i + ||^2||oo&2- 

Let p 6 Mj, and set q := Qi(p). Let tp :U — * E, q £ U C iVj, be a local chart such that 

Dij):TU -> ^(C7) x F c F x F 
is bi-Lipschitz of constant 2. By property (h) of the Hausdorff measure of non-compactness, if 

0TN t (DQi o (/uFa + /i 2 F 2 )(A)) < ^Pey.e{D'4' o o (ft^ + /i 2 F 2 )(A)) 
< 2||/ii|| 00( S BxB ( J D^ o DQj o Fx (A)) + 2||/i 2 || 00( 3 ExE (£>V o FQ, o F 2 (A)) 
< 4||/n||~#iw«(-DGi o Fx (A)) + 4||/ l2 || ooy 3 TiVi (7J»Q i o F 2 (A)). 

Therefore, if Fx and F 2 satisfy l|7.4[) with constants Si,ci and 62,02, then /ixFi + /12F2 satisfies 
(|7.4|l with constants <5 = nrin{t5x, 82] and c = 4||/ix||ooCx + 4|| /j,2 || 00C2 ■ This proves that /jxFl +/12F2 
satisfies (C2)-(ii). □ 

It seems useful to find sufficient conditions implying (C3)-(ii), which do not make use of the 
measures of non-compactness but are stated only in terms of Lipschitzianity and compactness of 
some maps. To this purpose, assume that M is endowed with a Riemannian metric. 

The following proposition says that under mild Lipschitz assumptions on Q~ x and F , condition 
(C3)-(ii) holds if and only if the maps DQi o F : Q^ 1 ({q}) — > T q Nj have pre-compact image. 
Example 17 .61 suggests that without Lipschitz assumptions on F the last condition is not sufficient 
for the conclusion of Proposition [731 to hold. 

7.9 Proposition. Assume that every map N% — > H(Mi), q Qi({l}), is locally Lipschitz, and 
that for every q £ iV, £/iere exists S > suc/i i/iai i/ie map DQi o F is Lipschitz on Q~ 1 (Bg(q)). 
Then (C3)-(ii) holds if and only if DQi o F maps every fiber QY 1 ({l}) i n ^° a pre-compact set. 

7.10 Remark. The assumption on the local Lipschitzianity of Q~ x , required in the above propo- 
sition involves a uniform lower bound on the non-zero singular values of DQi. More precisely, let 
Q : M — > N be a C 1 submersion between Riemannian Hilbert manifolds, with M complete and N 
connected. If there is a > such that 

M(a{DQ(p)*DQ(p))\{0})>a Vp € M, (7.16) 

then the map N -> H[M), q 1 ► Q~ l {{q}), is 1 / ' yJu-Lipsdutz. 
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In order to prove this statement, let qo,qi G N and k > 1/y/a. Let po G Q~ 1 ({qo}) and let 
v : [0, 1] — > A~ be a C 1 curve such that u(0) = goi = Qi- Since Q is a submersion, for any 
to G [0, 1] and every p G Q~ 1 ({v(to)}), there exists a C 1 local lifting u of v verifying u(to) = p and 
«'(*o) G (ker TpQ)- 1 . Assumption (fTTTCf) easily implies that |u'(*o)| < (1/ y/a)\v' (t a )\, so 

|u'(t)|<fc|«'(t)|, (7.17) 

for any t in a neighborhood of to. By a standard maximality argument, it follows that there exists 
a Lipschitz lifting u : [0, 1] — ► M of v with it(0) = po and verifying H7.17fl a.e. in [0, 1]. Therefore, 

dist^cfi- 1 ^!}))^ / \u'(t)\dt<k f \v'(t)\dt. 

Jo Jo 

Hence taking the infimum over k and v we obtain dist (po, Q ({qi})) < l/-\/ctd(qo, <Zi), and by 
symmetry dist-H(Q _1 ({g }), Q _1 ({9i})) < rf (?o, 9i), as claimed. 

Proof, (of ProDOsition l7~§|) Let i £ I. Since /?jVi({<z}) = 0, condition (C3)-(ii) trivially implies that 
DQi o i* 1 maps every fiber Q~ 1 ({q}) into a pre-compact set, for every q G Ni. 

Let us prove the converse statement. Let q G Ni and let £ > be so small that the maps 

Qi l {B&{q)) — > TJV„ p^DQioFip), 
are Lipschitz. Then also the maps 

HiQ^iBsiq^^HiTNi), A^DQ i0 F(A), 
are Lipschitz. Let c be the Lipschitz constant of their composition 

H(B s (q)) ?U HiQ-'iBsiq)) 1 ^ ; H(TN). 

Let A C QT'^.B^g)) be the set for which we wish to prove (|7.4|) . We may assume that A = Q~ 1 (S) 
for some closed subset E C B$(q). If So C B$(q) is a finite set, our assumption implies that 
£>Qi o ^(Qr^So)) is pre-compact. So by (□}, 

/W^CiW))) = /3tjv i (CQ,(F(Q- 1 (S)))) 
< dist w (£>QioFo Qr 1 (S),£>Q i oFo Qr^Eo)) < cdist H (E, E ). 

By the density of the space of finite sets in the space of compact sets, by (JTHJ, and by property 
(d) of P, we obtain 

j3 T N i {DQ i {F(A)))<c inf dist«(E, E ) = c inf dist w (E,E ) 

SoCflsM) S CS 3 (g) 
So finite So compact 

= Cj 9 fl4(9) (E) < 2c/3 JV< (E) = 2c/3 Wi (Qi(A)), 

which proves (C3)-(ii). □ 

7.11 Example. (Product manifolds) Let us consider again the situation of Example \2.4\ M = 
M~ x M + is given a product complete Riemannian structure, and V = TM~ x (0). Consider the 
projection onto the second factor Q : M — > M + , (p~ ,p + ) i— > p + , and the admissible presentation 
of the subbundle V , 

{Q\b-xb+ \ B~ x B + C M~ x M + is bounded) . 

Writing the tangent vector field F as F(p~,p + ) = {F~{p~ ,p + ),F + (p~ ,p+)) G T p -M~ x T p +M + , 
there holds DQo F(p~ ,p + ) = F + (p~ ,p + ). Assume that (i) F + is bounded, and (ii) for every 
p + G M + and for every bounded set B~ C M ~ there exists S > such that F + is Lipschitz on 
B~ x B$(p + ), and that the map M~ — > T p +M + , p~ i— ► F + (jp~ ,p + ) is compact. Then Proposition 
1 7. g| implies that F satisfies (C3). 
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8 Broken flow lines 

Let x and y be rest points of the gradient-like Morse vector field F. Let us assume that W u (x) n 
W s {y) has compact closure. Consider a sequence of flow lines from the rest point x to the rest 
point y, and the sequence of their closures: 

S n = 0(M x { Pn }) = 0(R x { Pn }) U {x, y}, p n £ W u (x) n W s (j/). 

Since (~l V(^ s (j/) is compact, up to a subsequence we may assume that p n — > p, and the 

continuity of (/> would give us the convergence 

(/)(-, Pn) -> </>(•, P) 

uniformly on compact subsets of R. However, it may happen that p £ W u (x), or p ^ W s (y), so 
(/>(•, p) could be a flow line connecting two other rest points, and the convergence would not be 
uniform on M.. We will show that in this case a subsequence of (S n ) converges to a broken flow 
line in the Hausdorff distance. The discussion is independent on conditions (Cl-3), and involves 
only the compactness of W u (x) fl W s (y). 

8.1 Definition. Let x,y G rest (F). A broken flow line from x to ay is a set 

S = S 1 U---US k , 

where k > 1, Si is the closure of a flow line from Zi—i to z$, where x = zq =/= z± =/=■■■ =/= z^-i ^ 
Zk — y are rest points. 

When k = 1, a broken flow line is just the closure of a genuine flow line. Let us fix a Lyapunov 
function / for F. If S is a broken flow line as in the above definition, the following inequalities 
must hold: 

f(x) > f(zi) > ■ ■ ■ > > f(y). (8.1) 

It is easy to check that a compact set S C M is a broken flow line from x to y if and only if (i) 
x,y G S, (ii) S is 0-invariant, (iii) the intersection 

Sn{ P eM\f(p) = c} 

consists of a single point if c S [f(y),f(x)], and it is empty otherwise. Now we can state the 
compactness result for the gradient flow lines. 

8.2 Proposition. Assume that the Morse vector field F has a Lyapunov function f , and that 
x,y are rest points such that W u (x) C\W s {y) is compact. Let (p n ) C W u (x) fl W s (y), and set 
S n :— <p(M. x {p n }) U {x.y}. Then (S n ) has a subsequence which converges to a broken flow line 
from x to y, in the Hausdorff distance. 

Proof. The space of compact subsets of a compact metric space is compact with respect to the 
Hausdorff distance, so (S n ) has a subsequence (S' n ) which converges to a compact set S C 
W u {x) n W s (y). Then x,y e S, and since S' n is (^-invariant, so is S. Since S' n C f^ 1 ([f(y), f(x)]), 
we obtain that the set 

Sn{ P eM\f(p) = c} (8.2) 

is empty for every c £ [f(y), f(x)]. 

Let c G [f{y),f(x)}- Then (S' n ) has a subsequence (S'^) such that 

SH n{peM| f( P ) = c} 

converges to some point in 1)8. 2[l . which is then non-empty. If the set (|8.2(l contains two points 
p, q, the fact that (S n ) is a sequence of flow lines allows us to find a sequence (p n ) converging to 
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p, and numbers t n £ R such that <fi(t n ,p n ) — > q. By reversing if necessary the role of p and q, we 
may assume that t n > for every n, and we deduce the convergence: 




Df(<p(t, Pn ))[F(cj>(t,p n ))] dt = f(cj>(t n ,p n )) ~ f( Pn ) -> /(g) - /(p) = 0. 



Then the fact that the rest points of / are isolated easily implies that either t n — > 0, or the 
sequence of sets (j)([Q,t n ] x {p n }) converges to a rest point. In both cases, we obtain that p = q. 
This shows that the set (I8.2|) consists of a single point. Hence S is a broken flow line from x to 
y. □ 



9 Intersections of dimension 1 and 2 

Assume that the gradient-like Morse vector field F satisfies (Cl-2) with respect to a (O)-essential 
subbundle £ of TM, so that the relative index m(x, £) is a well-defined integer, for any x £ rest (F). 

We say that F satisfies the Morse-Smale property up to order k, if W u {x) and W s {y) have 
transverse intersection for every pair of rest points x, y such that m(x,£) — m(y,£) < k. The 
Morse-Smale condition up to order implies that, for a broken flow line as in Definition 18. II 

m(x,£) > m(zi,£) > ■■■ > m{zk-\,£) > m(y,£). (9-1) 

In this section we shall assume that F has the Morse-Smale property up to order 2, and we shall 
describe the intersections W u (x) (1 W s (y) when m(x,£) — m(y,£) is either 1 or 2. As in the 
last section, we shall assume that such an intersection has compact closure. By Theorem 13.31 
W u (x) n W s (y) is a submanifold of dimension 1, respectively 2. The flow defines a free action 
of the group R onto W u (x) n W s (y), so the quotient, that is the set of the flow lines from x to y, 
is a manifold of dimension 0, respectively 1. 
Assume that x, y are rest points with 

m(x,£) - m(y,£) = 1. (9.2) 

We claim that W u (x) n W*(y) consists of finitely many connected components. Indeed each 
connected component is a flow line from x to y, and the set C of their closures is discrete in the 
Hausdorff distance. On the other hand, (|9.1|l and (|9.2|) imply that these are the only broken flow 
lines from x to y. So by Proposition ^. 21 C is also compact, hence finite. 

Note that the restriction of the flow <fi to the closure of a component of W u (x) n W s (y) is 
conjugated to the shift flow on R = [—00, +00]: 

R x R 9 (t, u) i-> u + 1 £ 1. 

Now assume that x, z are rest points with 

m{x,£)-m(z,£) = 2. (9.3) 

The quotient of each connected component W by this action, W/M., being a connected one- 
dimensional manifold, is either the circle or the open interval. In other words a connected compo- 
nent W of W u (x) (~1 W s (z) is described by a one-parameter family of flow lines U\, where A ranges 
in S 1 or in ]0, 1[. 

In the first case one can easily verify that W — W U {x, z} is homeomorphic to a 2-sphere, 
and that the restriction of 4> to W is conjugated to the exponential flow on the Riemann sphere 
5 2 = CU{oo}: 

RxS 2 3 (t,C) i-» e*C £ S 2 . 

In the second case, by Proposition 18.21 W \ W contains broken flow lines, which have just one 
intermediate rest point, by (|9.1|l and (|9.3|l . Then the flow restricted to W is semi-conjugated 
to the product of two shift-flows on R. More precisely, the situation is described by the following 
theorem. 
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9.1 Theorem. Assume that the gradient-like Morse vector field F satisfies (Cl-2) with respect 
to a (O)-essential subbundle £ ofTM. Assume that F has the Morse-Smale property up to order 
2. Let x,z be rest points such that m(x,£) — m{z,£) — 2, and let W be a connected component 
of W u (x) H W s (z) such that W is compact, and W/M. is an open interval. Then there exists a 
continuous surjective map 

h :SxR^F 

with the following properties: 

(i) <jh(h(u, v)) = h(u + t, v + t), for every (u, v) e R x W, t e R; 

(ii) h(R 2 ) — W , and there exist rest points y,y' with m(y,£) = m(y',£) = m(x,£) — 1, and W\, 
W 2 , W{, W£ connected components ofW u (x) n W s (y), W u {y) n W s {z), W u {x) n W s (y'), 
W u (y') n W s (z), respectively, such that W t U W 2 ^ W{ U W 2 , and 

h(R x {-oo}) = Wi, h({+oo} x M) = W 2 , h({-oo} X M) = W[, h(R x {+oo}) = W' 2 . 

(Hi) the restrictions of h to R 2 , to {±00} x R, and to M x {±cx)}, are diffeomorphisms of class 
C 1 ; 

(iv) if moreover the (0)-essential subbundle £ can be lifted to a subbundle V, then 

degh= -cleg/i| { _ 0o j xR • deg h\ Rx{+oc} = deg^^x^} • deg/i| {+oo}xR , 
where deg denotes the 1-topological degree, referred to the orientations defined in section\^ 

Concerning (ii), note that it may happen that y = y' , and in this case even that W% = W[ or 
W 2 = W 2 , but the last two identities cannot hold simultaneously. When y ^ y', h is injective, so 
it is a conjugacy. Statement (iv) expresses the coherence we need between the orientations of the 
one-dimensional and two-dimensional intersections of unstable and stable manifolds. The picture 
is completed by the following proposition. 

9.2 Proposition. Assume that the gradient-like Morse vector field F satisfies (Cl-2) with respect 
to a (0)-essential subbundle £ ofTM. Assume that F has the Morse-Smale property up to order 
2. Let x, y, z be rest points such that m(x) — m(y) + 1 = m(z) + 2, and let W\, W 2 be connected 
components ofW u (x) D W s (y), W u (y) H W s {z), respectively. Then there exists a unique connected 

component W ofW u (x)nW s (z) such that W\ U W 2 belongs to the closure o/|^(M x {p}) \ p G wX 
with respect to the Hausdorff distance. 

Both Theorem l9.1l and Proposition l9 . 21 will be proved in section^J The main tool in the proof 
is the graph transform method, which allows us to study suitable portions of W u (x) and W s (z) 
in a neighborhood of another rest point y S W u (x) n W s (z). 

10 The boundary homomorphism 

Let (M, £) be a pair consisting of a complete Riemannian Hilbert manifold M of class C 2 , and of a 
C 1 (O)-essential subbundle of TM having an admissible presentation. Let F be a C 1 Morse vector 
field on M, admitting a non-degenerate Lyapunov function /. We shall assume (PS), (Cl-3), the 
Morse-Smale property up to order 2, and 

(C4) for every q E Z, / is bounded below on rest g (F) = {x S rest (F) | m(x,£) = q}. 
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Morse complex with coefficients in Z. We first consider the situation in which £ is the 
(O)-essential class of a subbundle V of TM . In this case we can fix arbitrary orientations of the 
Fredholm pairs (H*, V(x)), for every x £ rest (F). 

Let x and y be rest points with m(x, £) — m(y,£) — 1, and let W be a connected component 
of W u (x) n W s (y). Then W is a flow line, and it is endowed with the orientation described in 
section GO We can define the number 

a(W) :=deg[0(-,p):R->W], 

for p £ W. In other words a(W) equals +1 or —1 depending on whether F(p) £ T p W is positively 
or negatively oriented. We define also 

a(x,y) ~J2<r(W), 
w 

where the sum ranges over all the connected components of W u {x) f~l W s {y). 

Now let x and z be rest points with m(x,£) — m(z,£) — 2, and let S(x, z) be the set of 
broken flow lines from x to z with one intermediate rest point (necessarily unique and of index 
m(z, £) + 1). By (PS) and by the Morse assumption there are finitely many rest points y with 
f(y) f( x )[- By Theorem 16 . 51 and Proposition 18. 21 the set S(x, z) is finite. By Theorem 19. II 

and Proposition 19. 21 there is an involution W\ U W2 1— » W[ U without fixed points on the set 
S (x, z), and 

a(W[)a(W!,) = -a{Wi)a(W 2 ). (10.1) 
Let qeZ and let C q (F) be the free Abelian group generated by the rest points of index q: 

C q (F) = span z rest g (i ;l ). 

Note that C q (F) may have infinite rank. 

Assumption (C4) allows us to define the homomorphism 

d q : C q (F) - C g _r(F) 

by setting for every x £ rest 9 (F) 

d qX = < x >y)y- ( 10 - 2 ) 

2/Grest € _i(F) 

The modules C q (F) together with the homomorphisms d q are the data of a chain complex. Indeed 
we have: 

10.1 Theorem. For every q e Z, d q ~\ o d q = 0. 

Proof. Let x £ rest q (F) and z £ rest (? _2(i 7 '). The coefficient of z in d q -\d q x is 

]T a(x,y)a(y,z)= ^ <r(W 1 )a(W 2 ), 

V&est q -!^F) WiUW 2 £S(x,z) 

which is zero by (|10.1I) . □ 
We will call {C q {F),d q } q ^i the Morse complex of F. Clearly, the construction depends on the 
choice of the subbundle V and on the orientation of each Fredholm pair (H*, V(x)). Changing 
the subbundle V by a compact perturbation changes the Morse complex by a shift of the indices 
(when M is connected). A change of the orientation of (H^.,V(x)) produces an isomorphic Morse 
complex. 

Morse complex with coefficients in Z2. In the general case of a (O)-essential subbundle 
£ , statement (iv) of Theorem 19. II is not available, but we can still define a Morse complex with 
Z2 coefficients. Indeed, defining a(x,y) £ Z2 to be the number of connected components of 
W u (x) D W s (y) counted modulo 2, and C q (F) to be the Z 2 -vector space generated by the rest 
points of index q, Hl().2|) defines a complex of Z 2 -vector spaces. 
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11 Proof of the conjugacy theorem 



Construction of h near a broken flow line. The main point in the proof of Theorem 19.11 
and Proposition 19. 21 is to construct h near a broken gradient flow line. 

11.1 Proposition. Assume that the Morse vector field F has a non- degenerate Lyapunov function 
f , satisfies ( Cl-2) with respect to a (O)-essential subbundle £ ofTM , and satisfies the Morse-Smale 
condition up to order 2. Let x,y, z be rest points such that m(x,£) — m(y,£) + 1 = m(z,£) + 2. 
Let W\ and W 2 be connected components of W u (x) (~1 W s (y) and W u (y) (~1 W s {z), respectively. 
Then there exists a continuous injective map 

/i:A:={(M,u)eIxI|v<u}^ W u {x) n W s (z) 

with the following properties: 

(i) 4>t(h(u, v)) = h(u + t, v + t). for every (u, v) S A, t S K; 

(ii) /i(AnM 2 ) C W u (x)D W s (z), /i(Kx{-oo}) = Wi, ft({+oo}xt) = W 2 , and the restrictions 
of h to An M 2 , to R x {— 00}, and to {+00} x KL are diffeomorphisms of class C ; 

(Hi) there exists S > such that for any p £ W u (x) H W s (z), if S — <p(M. x {p}) has Hausdorff 
distance less than 5 from W\ U W2, then S C h(A); 

(iv) if moreover the (0)-essential subbundle £ can be lifted to a subbundle V, then 

deg/i = -deg/ilRxj.oo} • deg ft.|{ +oo}xR , 

where deg denotes the "L-topological degree, referred to the orientations defined in section\^ 

Let us identify a neighborhood of y in M with a neighborhood of in the Hilbert space H, 
identifying y with 0. We endow H with an equivalent Hilbert product (•,-) which is adapted to 
VF(y) = DF(0) (see Appendix C), and we set H u := H%, H s := H», so that H u © H s is the 
splitting of H given by the decomposition of the spectrum of VF(y) into the subset with positive 
real part and the one with negative real part. Let P u and P s denote the corresponding projectors. 
We shall often identify H = H u H s with H u x H s . By H u (r), resp. H s (r), we shall denote the 
closed r-ball centered in of the linear subspace H u , resp. H s . We set Q(r) := H u {r) x H s (r). If 
X and Y are metric spaces and 9 > 0, Lip g (X, Y) will denote the space of 0-Lipschitz maps from 
X into Y, endowed with the C° topology. 

Let p\ £ W\ and pi £ W% . Choose po > so small that the sets 

X := W u (x) n r\f{Px)) n B pa ( Pl ), Z := W s (z) f] /^(/(ft,)) H B po (p 2 ), 
do not contain rest points, and 

x n w u {x) n w s { y ) = {pi}, z n vk 11 ^) n w s {z) = { P2 }. 

Then X and Z are submanifolds of class C 1 , and the Morse-Smale condition implies that X is 
transverse to W s (y), and Z is transverse to W u (y). 

11.2 Lemma. For any 9 > t/iere aristf ro > 0, p > 0, to > 0, anci too continuous families 

R}te[o,+oo] C Li Pe (iJ u (r ),ff s (r )), {T t } t6[ _ OOi0 ] C Up g (H s (r ), H u (r Q )), 
such that each a t and each r t is C 1 , and: 

(i) <pt +t(X n Bpipt)) n Q(r ) = graphcr t , for every t E [0, +oo[; 
(ii) W u (y) n Q(r ) = graphfj+oo/ 

fiiij ^i 0+i (2n B p {p 2 )) H Q(r ) = graph r t , /or euery t e] - 00, 0]; 
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(iv) W s (y) nQ(r ) = graph T- x , ■ 

(v) for any &\ > there exist 7*1 G]0,r o ] and t\ > smc/i t/iai 

G Lip^iHn),^'^)), r_ t | ff . (ri) G Up ei (H s ( ri ),H s u(n)), 

for any t > ti ■ 

Proof. Let r be as small as required by Propositions IC . 5l and lC. 61 Since T pi X(BT pi W s (y) = T pi M, 
the path of subspaces D(p t (pi)T pi X converges to T y W u (y) for t — > +oo, by Theorem IB. 21 (iii). 
Therefore, we can find Sj > such that </>(si,Pi) is in the interior of Q(r), and D<f> sl (pi)T pi X C 
H u x H s is the graph of a linear operator from H u to if s of norm strictly less than 1. By the 
implicit function theorem, there exists p > such that cj) Sl (XnB p (pi)) is the graph of a 1-Lipschitz 
map a : U — > H s (r), where [/ C H u (r) is open. Moreover, graphcr n H^ s (2/) = {<f>(si,pi)}, so by 
Proposition IC. 51 (v), there exist S2 > and cr' G Lip x (H u (r), H s (r)) such that 

graph ct' = ^ 1+S2 (Ifl S„(pi)) n Q(r), 

where we have also used Proposition IC. 61 Let 

T : [0,+co] x Li Pl (H u (r) 7 H s (r)) -» Li Pl (ff», s (r)) 

be the graph transform map provided by Proposition IC.5I By Proposition l(J.5l (iv), there exist 
r G]0, r] and s 3 > such that T(t,a') G Lip e (i? u (r ), H s (r )) for any t > s 3 . Setting to : = 
S\ + S2 + S3 and o~t = r(t — S3, cr') for i G [0, +00], statements (i), (ii), and the first part of (v) 
follow immediately from Propositions IC . 5l and IC .61 

Changing the sign of t and considering the evolution of Z, we obtain a family of maps {r t } 
satisfying (iii), (iv), and the second part of (v). □ 

Proof, (of Proposition lll.l|l Let 9 be a positive number strictly less than 1, and let ro, p, to, &t, Tt 
be as in the lemma above. Since 9 < 1, the contracting mapping principle implies the existence 
of a Lipschitz continuous map 

A : U Pe (H u (r Q ),H s (r )) x Lip e (iT(r ), H v (r )) -> Q(r ), 

which associates to (cr, r) the unique intersection of the graphs of a and r, i.e. the unique fixed 
point of the contraction 

H u (r ) x H s (r ) 3 (£,77) ^ (Tfa),<r(0) G H u (r Q ) x ff s (r ). 

For (u,v) G [0, +00] x [—oo,0], set 



X u — 



c/) u+ t (X D B p ( Pl )) nQ(r ), ifuG [0,+oo[, 
5"(j)nQ(r„), ifu = +cx), ' 

z = U v _ t0 (ZnB p (p 2 ))nQ(r ), if »6]- oo,0], 
" \W s (y)nQ{r ), i£v = -oo. 

Then we define h(u,v) to be the unique point of the intersection X u n Z v . The map h is well 
defined and continuous on [0, +00] x [—00, 0] because it can be written as the composition 

[0, +00] x [-00, 0] 9 (u, v) 1 ^ (<J U ,T V ) Q(r ) ^ M. 

Since A" and Z are contained in level sets of /, and they contain no rest points, X u (~\X u r = if u ^ 
u', and Z v n Z u / = if v ^ u'. So ft. is injective. By definition, for every (u, v) G [0, +00] x [— oo, 0], 
and — u < t < —v, 

<j> t {h{u,v)) = h(u + t,v + t), (11.1) 
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and we can use formula to extend ft, to a continuous injective map on 

A = {(u,v) £ 1 x 1 I v < u] , 

still verifying proving (i). Since X C W u {x) and Z C W s (z), for every (u, v) £ A flR 2 the 

point h(u,v) belongs to W u (x) fl W s (z). Since 

h(u, — oo) = (f>(u,pi), and h(+co, v) — (f>(v,p2), 

^i|rx{-oo} an d ^-l{+oo}xR are diffeomorphisms of class C 1 onto Wi and W 2 . Since X and Z are 
of class C 1 and so is 4>, the implicit function theorem implies that /iIahr 2 is a diffeomorphism of 
class C 1 , proving (ii). Notice that, differentiating the identities 

<pt(h(u, v)) = h(u + t, v + i), (j>t(h(u, — oo)) = h(u + t, — oo), <fi t (h(+co, v)) = h(+co, v + t), 

with respect to t in t — 0, we obtain 

Oh Oh Oh Oh 

F{h{u,v)) = — [u,v) + — (u,v), F{u, -oo) = —{u,-oo), F(+oo, v) = — (+oo, v), (11.2) 

for every u £ K, v £ K. 

Since y is a rest point, and p\ £ W s (y), P2 £ W u (y), we can find 8 S]0, p] so small that, if 
4>(ti,p) £ Bsipi) and 4>(t 2 ,p) £ B 5 (p 2 ), we have 

t 2 -t 1 >2*o, 0(*i + «o,p) GQ(r ), </>{t 2 -t ,p) £ Q{r ). (11.3) 



If p S H"*(i) n VF s (z) and S 1 := <^(M x {p}) has Hausdorff distance less than 8 from W\ U W 2 , we 
can find ti,t2 S R such that <p(ti,p) £ Bs{pi) and <p(t 2 ,p) £ Bs(p 2 ). By Proposition lC.61 the set 
of t £ K such that 4>(t,p) £ Q(ro) is connected, so by l|11.3|l . 

'■+S)^( " 1+ '° ) : fe -'° ) .p)eOM. (11.4) 



2 

Then, setting u := (t 2 — ti)/2 — to > and w := — u < 0, we obtain 
'h + t 2 



pj e ^(xnB^OJn^^nBpW). (n.fi) 

So, by ifTOIl and lfTT3j) . 0((ii + t 2 )/2,p) G I M nZ„, that is <f>((t 1 +t 2 )/2,p) = ft(«,u). By (i) the 
whole flow line through p is in h(A) which, being closed, must contain also S, proving conclusion 

(iii). 

In order to prove (iv), we shall need the following: 
11.3 Lemma. There exist uq > 0, vq < 0, and a continuous map 

W : [uq, +oo] x [— oo, wo] — > Gr(iJ), 
such that (W(u, v), V(h(u, v))) is a Fredholm pair for every (u,v) £ [uq,+oo] x [— oo,vq], and: 
(i) T h ( UtVo )W s (z) = MF(h(u,v )) 8 W(u,v ), for every u £ [u ,+oo]; 
(ii) W(u, -oo) = T^^^W^y), for every u £ [u ,+oo]; 

(iii) D(p v - V(l (h(+oo,vo))yV(+oo,va) = W(+oo,v), for every v G] — oo,uo]; 

(iv) W(uq,v) + Ti^ Uo V )W u {x) — H for every v £ [— oo,t>o], and there exists a non-vanishing 
continuous vector field G : [— oo, vq] — > H along v <— > h(uo, v) such that 

Oh Oh 
W(u 0: v)nT hM W u (x)=RG(v), G(-oo) = — («o,-oo), G(v Q ) = — ( Uo ,u ), 

/or every v £ [— oo,vq\. 
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Proof. Recalling that by (CI) (H s , V(y)) is a Fredholm pair, we can find 6\ G]0, 6] so small that 
VS 1 G C(H S ,H U ) such that ||5|| < 26 x , (graphs', V(y)) is a Fredholm pair. (11.6) 
Moreover, we may assume that setting L := V-F(y) = DF(0), 

I^ + 2gl< IIW-T - (1L?) 

Let ri and ti be the positive numbers given by Lemma 111 .21 (v): there holds 

H^MOU <fli, prt^H < 6x, (11.8) 
for any t > ti, £ S H u {r{), r) G i? s (ri). Since 

F(£)=L£ + o( ? ) for^O, (11.9) 

the quadratic form 

is a Lyapunov function for i* 1 in a neighborhood of 0. Therefore there exists u% > such that the 
function u i— > g(h(u, -co)) is strictly decreasing in [u\, +oo[. So when v — > — oo the functions 

[iti, +oo[9 u i — > g(h(u, v)) G K 

converge uniformly to a strictly decreasing function. Therefore, using also l|ll. fijl . the fact that 
W s (y) is tangent to H s at y — 0, (|11.7I) . (|11.8|) . and l|11.9|l . it is easy to check that there are 
uo > and «o < such that: 

(a) Dg(h(h ,v )) [|£(tio,uo)] = -§^g{h{u,v ))\ u=Uo < 0; 

(b) g is a Lyapunov function for F on /i([i*o, +oo] x [— oo, «o])j 

(c) if S G C(H S , H u ) has norm ||5|| < #i, and (u, w) G [u 0l +oo] x [— oo, v ], then (graph S, V{h(u, v))) 
is a Fredholm pair; 

(d) for any v G [— oo,v ] there holds ||P"/i(m , u)|| < e\\P s h(u , v)\\ , and 

11^(^0,^)11 < 2||L|| IIP^K^)!!, HJ^C/iCuo, »)) — ifc(tio, «))| < e\\P s h(u ,v)\\, 

where e > is so small that 

46»x . 1 



i- fl r" 1+c)+2gl+c< iiw-T ; (1L10) 

(e) for any (u,v) G [tio,+oo] x [— oo,i>o] we have 

\\D<r u (P u h(u,v))\\ < U \\DT v (P s h(u,v))\\ < 9 1 . 

We will define W(u, v) to be the graph of suitable linear maps S(u, v) G C(H S , H u ). We start 
by defining S on three edges of the square [uo, +oo] x [— oo, vq\. For u G [no, +oo] we set 

S(u,v ) = DT Vo (P s h(u,v )) 1 S(u,—oo) = DT- oc (P s h(u, -oo)), 

and for v g] — oo, vq] we set 

S(+oo,v) = DT v {P s h(+oo,v)). 

By (e), 115*11 < 9\. The map S is clearly continuous on [uq, +oo] x {vq} and on [uo, +oo] x {— oo}. 
If v g] - oo,v ], 

graph S(+oo, v) = Dcj> v - Va (h(+oo, v )) [graph SX+oo, t> )], 
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so S is continuous on {+oo}x] — oo, vq\. Bv Theorem lB.2l (ni'). S(+oo,v) converges to S(+oo, — oo) 
for v — > — oo, so 

S : ([«o, +00] x {-00, v }) U ({+00} x [-00, v }) -> C(H S ,H U ) 

is a continuous map. We can extend the map 5 by convexity to a continuous map on [uq, +00] x 
[—00,^0] in such a way that HS^u, i>)|| < B\ everywhere, and we set 

W(u,v) — graph S(u,v). 

By (c), (W(u, v), V(h(u, «))) is always a Fredholm pair, and by construction W satisfies the re- 
quirements (i), (ii), and (iii). 

There remains to check (iv). Let v £ [— 00, «o]. The tangent space to the unstable manifold of 
x at h(uo, v) is 

T h(uo!v) W u (x)=RF(h(u ,v))®greiphDa uo (P u h(u ,v)). 

Since S(u ,v) G £{H S ,H U ) and Da u „{P u h(u ,v)) G C{H U ,H S ) have norm not exceeding 6>i < 1, 
we have 

W(u ,v)+T h(u(uv) W u (x) = H. 
Moreover, a simple computation shows that the intersection 

W(u ,v)nT Hu0iV) W u (x) = graph5(u ,f) n (M.F(h(u , «)) © graph Da uo (P u h(u , «))) 

is a one-dimensional space spanned by the vector 

G(u) = (G u (v),G s (w)) G iT" x iP, 

where 

G» = S(u ,v)G s (v), G» = (I -T(v)S(u 0) v))- 1 (P s F(h(u 0) v)) - T(v)P u F(h(u ,v))), 
and T(v) = Da Uo (P u h(u ,v)). Indeed, ||T5|| < 0? < 1, so 7 - TS 1 is invertible, and 



1 fl2 

i~0 2 ' llv ~ ~~' ~"-i-ef 



- TS)~ 1 \\ < —j, - T5)- 1 - J|| < -^ fl2 



By (d) we have the estimates 



||G S || < ^-LydlP-FWH + 0i||P u F(/ l )||) < j^jIIWII < T^ll^l H p ^ll» 



|(7P"fe,G")| < e||7|| ||G»|| HP-fell < eOxWLW \\G S \\ \\P s h\\ < ±-^\\Lf\\P s hf 



'1 
2 

\\G S - P s F(h)\\ < \\G S - (P s P(/i) - TP u F(h))\\ + \\TP u F(h)\\ < — ^ ||P s P(/i) - TP"P(fe)|| 

1 — ^ 

+20 1 ||7|| ||P^|| < (-^ + 20 x ) ||L|| ||P s fe||, 
||G S - LP s h\\ <\\G S - P s F(h)\\ + \\P s F(h) - P s Lh\\ < ((yz^2 + 20 i) \\ L \\ + e ) ll pS/l H- 



Thus 



Dg(h)[G] = —(Lh, G) = -(LP u h,G u ) - (LP s h,G s ) < ||i|| 2 ||P s /i|| 2 - (LP s h,LP s h) 

+ \\L\\ \\P s h\\ \\G S - LP°h\\ < ((y^jPi + e) + 29, + e) ||7|| 2 - \\P a h\\ 2 , 
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and by l|11.10|) we get 

Dg(h(u ,v))[G(v)] < Vt; G [-00, v ). (11.11) 



On the other hand, by (a), 

\ dh 

Dg(h{uo,v )) 



<0, (11-12) 



and by jll^ and (b), 

'dh 



Dg(h(u , -00)) 



9n K-oc) 



= Dg{h{u Q , -oo))[F(h(u , -00))] < 0. (11.13) 



By construction, h(u,vo) € graph r„ n W"(a;), for every w > 0, so 

— (u ,v ) e graphL>r 1 , (F s /i(M ,'fo))nr h(uo!l , o) W^ u (a;) = W(«o, «d) D T M „ 0>t , o) W(a:). 
Moreover, 

— (uo, -00) e T^^VHy) n Th^-^Wix) = W(uq, -co) n Tf l ( U0 _ oo }W u (x). 

Then (|ll.ll|l . (|11.12|l . and . 1 3|) imply that a vector field G satisfying the requirements of (iv) 
can be defined by multiplying G by a suitable positive function. □ 

11.4 Remark. In some particular cases, such as when F is linear in a neighborhood of y — 0, a 
map W satisfying the requirements of the above lemma can be defined simply as 

W(u,v) = graph Dr v (P s h(u,v)), 

providing us with a drastic simplification of the proof. However in general, the above expression 
does not define a continuous map W , the reason being that the graph transform T of Proposition 
\C.5l needs not be continuous with respect to the C 1 topology. 

We are now ready to prove assertion (iv) of Proposition II 1 . ll The continuous maps 

twi : [«o> +oo[-> Gri iDO (TM), u i-> T h( „ ,_oo)Wi = RF(h(u, -00)), 
t W2 :} - 00, u ] -> Gii <00 (TM), v i-> T h{+00 ^)W 2 = RF(h(+oo,v)), 
t w : [u 0) +oo[x] - 00, v ] — > Gr 2l00 (TM), (u,v) h-> T h ( UyV )W, 

have continuous liftings tw 1 , tw 2 to 0r(Gri iOO (TM)), and tw to Or(Gr 2 ,oo(TAf )), corresponding 
to the orientations of W\, W 2 , and W, defined in section [SJ Moreover, the continuous map 

to : [m , +00] x] - co, v ] -» Fp(TM), (u, «) i-> (T ft(tl ^^ s (z), V(h(u, «))), 

has a continuous lifting d) to Or(Fp(TM)), which is determined by the orientation o z of (iJ|, V(2)). 
By Lemma Til. 31 (ii). W(+co,— 00) = Hy, so the continuous map 

a : [u , +00] x [-00, u ] -> Fp (TM), (u, u) i-> (W(u, u), V(ft(u, u))), 

has a unique continuous lifting a to Or(Fp(TM)) such that d(+co, —00) = o y . By Lemma |l 1.31 
(iv), there is a continuous curve X : [—00, vq] — > Gr(TM) such that W(uo, u) = RG(u) © <^(u) for 
every u£ [— 00, uq], and we can define the continuous map 

P : [-co, v Q ] Pp (TM), v ^ (#(«), V(/i(u , «)))• 

Then A'(u) is a linear supplement of Tk( UD) ,„)W u (a;) in Tm UOjV \M , so Theorem lB .21 (iii) implies that 

lim D(j> t (h(u ,v))X(v) = H*, 

t— — OO 
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uniformly in v G [—00, vq\. Therefore, the orientation o x of (H^,V(x)) determines a continuous 
lifting (3 : [-00, Vq] -► Or(Fp(TA/)) of /3. 

Denote by /ii and by /12 the restrictions of ft, to R x {—00} and to {+00} x M. If X is an 
n-dimensional real vector space and £ is a non-zero element of A n (X), the same symbol £ will also 
denote the orientation of X induced by £. When n = 1, we shall identify A 1 (X) with X. If o is 
an orientation of X, — o will denote the other orientation. 

By Lemma USD (i), (iv), and by l|TO)l . 

T M „ 0it , o) W s (z) = RF(ft(u , «o)) ffi 1G(« ) © #(t*>) = T h{u0iVo) W © #(«o), 
so by the definition of the orientation of W C W u (x) D W /S (z), 

— (u , vo) A -q^( u o, Vq) J APM- (H- 14 ) 

Moreover, Ih( +0o iUo ) W s (z) = T/j( +00)W ) W2 © W(+oo,w ), so by Lemma Hi .31 (hi) and by the 
definition of the orientation of W 2 C W u {y) D W s (z), 

Qh 

uj{+oo,v ) = T W2 (v Q )/\a(+oo,v ) = (degh 2 ) —(+oo,v )/\a(+oo,v ) 

= (degh 2 ) SF(h(+oo,v )/\a(+oo : v ), 
where we have taken (|11.2|) into account. By Lemma Til. 31 (Tl. 

u(u,v ) = {RF(h(u,v )) © a 1 (u,v ),a 2 (u,v )), 
for every u € [uq, +00], so by the continuity of the product on the orientation bundle we obtain 

oj(u ,v ) = (degh 2 ) F(h(u ,v ))/\a(u ,v Q ). 

Hence by lfTT3)l . 

(dh dh \ 

g-(u Q ,v ) + -7^(110, v ) J f\a(uo,v ). (11.15) 

By Lemma HOI (ii), (iv), and by (|TTT2|) . 

r Muo ,_oo)^(y) = W(u , -00) = RG(-oo) © #(-00) = T^^Wj © #(-oo), 

so by the definition of the orientation of Wi C W w {x) n W s (y), 

„ Qh 

a(u , -00) = 7w 1 (tto)A/3(-oo)) = (deg/u) ^(«o, -oo)/\j9(-oo) 

= (deg/ ll )G(-oo)A/3(-oo). 

Then by the identity 

a(u ,u) = (MG(w) ffi/3i(f),^ 2 (v)), e [-00, i> ], 
and by the continuity of the product on the orientation bundle we obtain 

dh 

a(uo,v ) = (deg/n) G(v )/\l3(v Q ) = (deghi) —{u ,v )/\l3(v ). (11.16) 

Identities l|11.15|l and Ull.lfijl . together with the associativity of the product of orientation, imply 
that 

u(u Q ,v ) = (deg/i 2 )(deg/ii) (^( u o, v o) + ^("o, ^0)^ A (^( w o, fo)A/3(«o) 
= (degft 2 )(deg/ii) ((^("O' u °) + ^( Mo ' w °)) A ^(*"o, ^o)J A£(«o) 
= -(degft 2 )(deg/ii) (—(u ,v ) A ^;( u o,vo)j f\$(v ), 
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and comparing the above identity with (|11.14fl we obtain 

degh = -(deg/ii)(deg/i 2 ), 
proving (iv). □ 

Conclusion. 

Proof, (of Theorem 19.1(1 Fix a value c £]f(z), f(x)[. By assumption, W n {/ = c} = VF/R is an 
open interval, so it is parameterized by a C 1 diffeomorphism 7 : R — > M. By Proposition 18.21 
there exist an increasing, unbounded sequence (s„) and a broken gradient flow line S + from x to 
2 such that 

lim cj){R x { 7 (s„)}) = 5+ (11.17) 

n — >oo 

in the Hausdorff distance, and also such that 7(s n ) converges to a point p S S + . Since 7 is a 
homeomorphism, p is not in W, and since W is closed in W u (x)<~)W s (z), p is not in W u (x)C\W s (z) 
either. So 5 + contains a rest point y of intermediate level. As already noticed, the Morse-Smale 
property and the fact that mix, £) = m(z, £) + 2 imply that m{y, £) = 771(2, £ ) + 1, and that there 
exist W 7 ! 4 " and W/, connected components of W"(x) n W s (y) and of l¥"(y) n W s (z), such that 
5 + = U W 7 ^ . Proposition II 1 . II provides us with a map 



h + : A + := {(u,v) eKxl|)j<u}-> W u (a;) n W s {z), 
verifying properties (i) to (iv). In particular by (hi) and ((11.17(1 . h + (A + fit 2 ) C W, and by (iv), 
deg(h + ) = -deg(/i+| Rx{ _ oo} ) • deg(/i+| {+oo}xR ). (11.18) 
By Proposition lll.il (i), for any t > 0, 

lim f(h+(s + t,s))= lim f(<j>(s,h+(t,0))) = f(x)>c, 

s — oc s — oc 

lim +*,*))= lim f(<f>(s,h+(t, 0))) = /(*) < c, 

^ + t, a))] = ^ [/(0(s, h+(t, 0))] = Df(Uh + (t, 0)))[F(J> s (h + (t, 0))] < 0, 

so by the implicit function theorem there exists a function rj + £ C' 1 ([0, +oo[,R) such that 

f(h + (r,+ (t)+t, f]+{t)))=c, V<>0. 
Then h + (i 1+ (t) + t, r] + (t)) £ W n {/ = c}, and 

fl+(t) ^^(h+irj+^ + t, n+(t))) 

defines a C 1 function + : [0, +00 [— > R. An application of W _^ + ( U _^) to h + {rj + {u — v) + t, rj + {u — 
v)) = r ){6 + {u — u)) yields to the the representation 

h + {u,v) =0(«-77+(u-u),7(0 + (u -«))), (w, w) G A+ n M 2 . (11.19) 
Since ft+ is a diffeomorphism, the vectors dh + /du and dh + /dv are linearly independent, so 

(7° 0+)' = (1 + 0-57- + ^ 



<9it <9t> ' 

never vanishes, and from the fact that 7 is a diffeomorphism we deduce that 0' + (t) =/= for every 
t > 0. Moreover, from Proposition lll.il (iii), <^>(R x {j(s n )}) C /i + (A + ) for n large, which implies 
that 0(R x {7(s n )» = 0(R x {>+(*„, 0)}) = 0(R x {-y(0+(t n ))}) for some f„ > 0. Since 7 is 
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injective and meets any flow line at most once, the last equality implies that 9+(t n ) = s n — > +00. 
Therefore 

6' > 0, lim 6 + (t) = +00. (11.20) 

The same construction, starting with a sequence s' n — > —00, yields to a rest point y' with m(y',£) = 
m(z, £)+l such that <p(R x {7(5^)} converges to S~ — U W^~, for some connected components 
Wi and WJ" of W u (x) n and D W s (x), respectively. As before we obtain a map 

h":A":={(«,!i)eIxR : v>u}^W 

where we also used the orientation reversing change of variables A~ 3 (u, v) ► (v,u) G A + . 
Hence 

deg(h~) = deg(/i"| { _ oo}xR ) • deg(ft~ | Rx{+00 }) (H-21) 
and we have the representation 

h~(u,v)=<f)(v-ri-(u-v),-y(6-(u-v))), (u,v)eA~nM 2 . (11.22) 

for suitable C 1 functions rj- and 0_ on ] — 00, 0], with 

6'_ > lim g_(t) = -oo. (11.23) 

t — ^—00 

Pr0D0siti0n lll.il (iii) together with (|11.19|l and Q11.22|l . implies that S~ 7^ S + , as claimed in 
(ii). Now we can choose two C 1 functions 77, 8 : K — > M, with 0' > 0, coinciding with ?7_, in a 
neighborhood of —00 and with ri+, 0+ in a neighborhood of +00. The map 

h(u, v) :— 4>(v — rj{u — u), j(9(u — v))), (it, u) £ M 2 . 

has a continuous extension toRxR and clearly satisfies all the requirements (i) to (iv). □ 

Proof, (of Proposition 19. 2|l The conclusion follows immediately from Proposition !!!. J (iii). □ 

A Appendix - Infinite dimensional Grassmannians 

The aim of this appendix is to gather the definitions and the relevant properties of some infinite 
dimensional Grassmannians. Unless otherwise stated, detailed proofs can be found in AM03a 
(but see also |PaIBSI 11^5)71 |Qui85| IHWS5I IP5BBI k j.lri95l lriJm96| V 

The Hilbert Grassmannian and the space of Fredholm pairs. By C(E,F), respectively 
C C (E,F), we will denote the space of continuous linear, respectively compact linear, maps from 
the Banach space E to the Banach space F. If F = E we will use the abbreviations C(E) and 
C C (E). The norm of the operator T € C(E, F) will be denoted by ||T||. By a(L) and by a css (L) 
we will denote the spectrum and the essential spectrum of the operator L 6 £(E), that is the 
spectrum of [L] in the Calkin algebra C(E)/C C (E). 

Let H be a real infinite dimensional separable Hilbert space. The orthogonal projection onto a 
closed subspace V C H will be denoted by Py, while V 1 - will denote the orthogonal complement 
of V in H. 

Let Gr(iJ) be the Grassmannian of H, i.e. the set of closed linear subspaces of H. The 
assignment V 1— > P v is an inclusion of Gi(H) into C(H), onto the closed subset of the orthogonal 
projectors of H . We can therefore define, for any V, W € Gr(_ff) the distance 

dist(W 1 ,W 2 ) := \\P Wl -P w M 

which makes Gr(H) a complete metric space. It can be proved that Gr(H) is an analytic Banach 
submanifold of the Banach space C(H): indeed, the subspace of symmetric idempotent elements 
of a C*-algebra is always an analytic Banach submanifold. 
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The connected components of Gi(H) are the subsets 

Gr n ,fc(if) := {V G Gr(i?) | dimF = n, codim^ = k} , n,keNU {oo}, n + k = oo. 

The orthogonal group 0(H) is contractible, by a well known result by Kuiper |Kui65J . and it 
acts transitively on each of these components. These facts imply that Gr 00 00 (iJ) is contractible, 
while Gr n .oo(H) and Gr 00j „(i?) have the homotopy type of BO(n), the classifying space of the 
orthogonal group of K™ . 

A pair (V, W) of closed subspaces of H is said a Fredholm pair if V n W is finite dimensional, 
and V + W is finite codimensional (see also Kat80 , section IV §4). In this situation, the index of 
(V, W) is the number 

hid (V, W) = dhaV n W - codim(V + W). 

The set of Fredholm pairs in H will be denoted by Fp(_ff): it is open in Gr(JJ) x Gr(7J), and the 
index is a continuous function on Fp(H). The connected components of Fp(iJ) are the subsets 

Gx ni00 (H) x Gx^^H), Gr OC! „(i?) x Gx m>00 (H), n,m G N, 
Fp^(if) := {{V,W) G Fp(iJ) | V,WG Gr^^ff), ind (V, W) = fc} , fc G Z. 

The space of Fredholm pairs consisting of infinite dimensional spaces will be denoted by 

Fp*(H) := |J Fp* k (H). 

It can be proved that F\)* k (H) has the homotopy type of BO(oo), the classifying space of the 
infinite real orthogonal group O(oo) = linin^oo 0(n). So Fp*(_ff) is homotopically equivalent to 
Z x BO(oo), and by the Bott periodicity theorem we get 

'Z fori = 0,4 mod 8, 
m(Fp*(H)) = { Z 2 for i = 1, 2 mod 8, (A.l) 
for i = 3, 5,6, 7 mod 8. 

We conclude this section with a result about the existence of hyperbolic rotations, which will 
be useful in Appendix B. 

A.l Proposition. Let V, W G Gr 00i00 (_ff) 6e such that dist(V, W) < 1. TTien i/iere e:mis 
^4 G C(H) self- adjoint, invertible, with a css (A) nr ^ 0, cr css (A) n K+ 7^ 0, sue/i that e A V = W. 

Proof. Since dist(V,W) < 1, W = graphi, with L = P v ± (P v {w)- 1 G C(V,V^). Consider the 
self-adjoint bounded operator 

S =( 9 r 1 Ta ) ' < 6» < 1, 77 G R, 



77L l/6» 

in the splitting H = V © V 1 -. Then 

(S-9){S-1/6) = V 



L*L 
LL* 



We fix a < 1/||L||, so the positive self-adjoint operator on the right-hand side has its spectrum 
in [0, 1[, for every r\ G [0, 9]. The spectral mapping theorem implies that 

{(s-6)(s-l/6) \sea(S)}c [0,1[, 

so we have 

a(S)d]0,9] U [l/0,l/0 + 0[c]O,l[U]l,+oo[, 
for any n G [0, 9]. For 77 = 0, a css (S) — {9, 1/9}, so by the semi-continuity of the essential spectrum 

a css (S)n]0,l& 0, a oss (5)n]l, +oo[^ 0, 

for any n £ [0,9]. In particular for n = 9, A = \ogS is a well-defined operator satisfying the 
requirements. □ 
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The determinant and the orientation of Fredholm pairs. Let n <E N. The Grassmannian 
of n-dimensional linear subspaces Gr„ i00 (iJ) is the base space of a non-trivial real line bundle, the 
determinant bundle 

Det(Gr niOO (i0) -> Gr nt00 (H), 

whose fiber at X e Gr„ !OC (iJ) is the line Det(Jf) := A dlmX (X), the component of the exterior 
algebra of X consisting of tensors of top degree. Such a line bundle has a natural analytic structure. 
Its Z 2 reduction is the non-trivial double covering 

0r(Gr„ ;OO (ff)) - Gr„ ;OC (/f), 

called the orientation bundle, whose fiber at X is the set Or(X) consisting of the two elements of 
Det(X) \ {0}/R + . If ox is an element of Or(X), the other element will be denoted by — ox- If 
n, m G N, the space 

S(n, m) = {{X, Y) e Gr„ i00 (^) x Gr mi00 (if) |Xn7= (0)} 

is the base space of the line bundle 

Det(<S(n, m)) — > <S(n, m), 

whose fiber at (X, Y) is the line Det(X) <£> Dct(Y), and the exterior product of tensors of top 
degree defines an analytic morphism 

A : Det(5(n, m)) — » Det(Gr n+m)00 (.H')), u x ® i-> w x A wy, 

which lifts the analytic map (X, Y) — > X + Y . This operation is associative. The morphism of line 
bundles A induces a morphism of coverings, denoted by the same symbol, between the orientation 
bundles: 

A : Or(S(n,m)) -> Or(Gr n+m , 00 (i7)), 

where the first space is the total space of the covering over S(n, m) whose fiber at (X, Y) is 
Ov{X) x Or(Y). The product of orientations satisfies the identity 

o x A Oy = (-o x ) A (-o y ) = -(-o x ) A Oy = -o x A (-or), 

and it is associative. 

These constructions have a natural extension to the space of Fredholm pairs. The determinant 
bundle over Fp(ff) is the line bundle 

Det(Fp(J0) - Fp(J0, 

whose fiber at (V, W) is the line 



Det(V, W) := Det(V n W) ® Det 



f— )Y 



Although the intersection YnlY and the sum V+W do not depend even continuously on (Y, W), it 
can be shown that the above bundle has an analytic structure. This line bundle is also non-trivial, 
and its Z2 reduction is the non-trivial double covering 

Or(Fp(if)) -> Fp(if), 

called the orientation bundle over Fp(H), whose fiber at (Y, W) is the set Or(Y, W) consisting of 
the two elements of Det(Y, W) \ {0}/K + . If 0( V W ) is an element of Or(Y, W), the other element 
will be denoted by — 0( V ,w)- Note that the fundamental group of each component of Fp*(iJ) is 
Z 2 , so the restriction of the orientation bundle to Fp*(H) is the universal covering of Fp*(_ff). 
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If n € N, the space 

S(n, Fp) = {{X, (V, W)) G Gr, i , oc (ff) x Fp(fl) |Xn^= (0)} 
is the base space of the line bundle 

Det(S(n,Fp)) -> S(ra,Fp), 

whose fiber at (X, (V, W)) is the line Det(X) ® Det(V, TV), and there is an analytic morphism 

A : Dct(5(n, Fp)) -> Det(Fp(if)), uj x O W(v,W) ^ u x f\u(v,w) 

which lifts the analytic map (X, (V, W)) — > (X+V, VF). Also this operation is associative, meaning 
that 

wxA(< j yA< j (V,W)) = fax Awr)Aw(v,ff), 

for any G Det(X), cjy G Det(Y), 0O(y,w) € Det(V,W), where X, Y" are finite dimensional 
subspaccs of ff, and (V,W) is a Fredholm pair such that X OY = (0), (I I F) (1 V = 0. 
The morphism of line bundles f\ induces a morphism of coverings, denoted by the same symbol, 
between the orientation bundles: 

A:0r(5(n,Fp))^0r(Fp(ff)), 

where the first space is the total space of the covering over S(n, Fp) whose fiber at (X, (V, W)) is 
Ot(X) x Or(V, W). This map satisfies the identity 

oxf\o(v,w) = (-ox)A(-°(v,w)) = -{-ox)f\°{v,w) = -oxA(-°(v,w)), 
and it is associative, meaning that 

ox A(°y Ao(v.w)) = (°x A o Y )A°(V,W), 

for any ox G Or(X), oy G Or(Y), 0(y } w) € Or(V, W), where X, Y are finite dimensional subspaces 
of H, and (V, W) is a Fredholm pair such that X n Y = (0), (X + Y) n V = 0. 

The Grassmannian of compact perturbations. We shall say that the closed linear subspace 
W is a compact perturbation of V if its orthogonal projector P\y is a compact perturbation of Py. 
The subspace W is a compact perturbation of W if and only if the operators Py±P\y and Pyy±Py 
are compact. The notion of compact perturbation produces an equivalence relation, and the 
Grassmannian of compact perturbations of V, 

Gr(V, H) := {W G Gt(H) \ W is a compact perturbation of 

is a closed subspace of Gr(H). If V has finite dimension (respectively finite codimension) , then 

Gr(V,H) - (J Gr n)QO (JJ), ( resp. - (J Gr^A)). 

nGN neN 

In the more interesting case, V has both infinite dimension and infinite codimension. In such a 
situation, Gr(V,H) is a closed proper subset of Gr oc oo (_ff). It is an analytic Banach manifold, al- 
though just a C° Banach submanifold of Gr(7J). This space is also called restricted Grassmannian 
by some authors (see jSW85l IFSSffi l( :.IS»5| V 

If W is a compact perturbation of W, then [V,W ) is a Fredholm pair, and the relative 
dimension of V with respect to W is the integer 

dim(V, W) := ind (V, W^) = dim V n VF^ - dim V" 1 n W. 

When V and VY are finite dimensional (resp. finite codimensional), we have dim(V, W) = dim V — 
dim W (resp. dim(V, W) — codimPY — codimF). 
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A. 2 PROPOSITION. C |AM03a| . Proposition 5.1) If(V,Z) is a Fredholm pair and W is a compact 
perturbation of V , then (W, Z) is a Fredholm pair, with 

ind (W, Z) = ind (V, Z) + dim(VF, V). 

In particular, if V, W, Y are compact perturbations of the same subspace, 

dim(F, V) = dim(F, W) + dim(VF, V). (A.2) 

Nor the notion of compact perturbation, neither the relative dimension depend on the choice of 
an equivalent inner product in H. 

A. 3 Proposition. f |AM01| . Proposition 2.3) Let Hi,H 2 be Hilbert spaces and let T,S € C(Hi,H 2 ) 
be operators with closed range and compact difference. Then kerT is a compact perturbation of 
kerS*, ranT is a compact perturbation o/ranS 1 , and 

dim(ranT, ran 5) = — dim(kerT, kerS 1 ). 

A. 4 PROPOSITION. Let T S GL(H), V S Gr(iJ), and let P be a projector onto V. Then TV is a 
compact perturbation of V if and only if the operator (I — P)TP is compact. 

Proof. By choosing a suitable inner product on H , we may assume that P = Py is an orthogonal 
projector. The operator L:=TP + T*^{I - P) is invertible, and P TV = TPL- 1 . Therefore, TV 
is a compact perturbation of V if and only if the operator 

(Ptv - Pv)L = {I- P)TP - PT*^(L -P)=:S 

is compact. 

Now, if S is compact, so is (/ — P)TP = SP. On the other hand, since the set 

{X e Gh(H) | (L - P)XP e £ C {H)} 

is a subgroup of GL(H), if (7 - P)TP is compact so is (/ - PjT^P. Therefore, 

S = {I - P)TP - ((I - P)T" 1 P)* 

is compact. □ 
Let V G Gr 00 00 (i7). The connected components of Gr(V, H) are the subsets 

Gr„(V, H) := {W € Gr(F, H) \ dim(W, V) = n} , neZ. 

These components are pairwise diffeomorphic. Each of these components has the homotopy type 
of BO(oo), so the homotopy groups of Gr(V, H) are those listed in (|A.1J| . 

We conclude this section with a result about the kernel of semi-Fredholm operators. 

A. 5 Proposition. Let A,B(^ C{H\, H2) be continuous linear operators between Hilbert spaces, 
with finite- codimensional range. Assume that the restrictions A\^ eT B and B\k cr A are compact. 
Then ker A is a compact perturbation ofkerB, the operator AB* 6 C{H2) is Fredholm, and 

ind {AB* ) = dim coker B - dim coker A + dim(ker A, ker B) . (A. 3) 

Proof. Since A has closed range, there exists S 6 £(H2,Hi) such that SA = P^ ct a) ± - Then 
P(kcrA) ± Pkcr b = SAF\ el b is compact, and symmetrically so is P(koi s ) ^ Pkcr A ■ Therefore ker A is 
a compact perturbation of ker B. Moreover, AP( kcl . B ^± = A — AP^-b is a compact perturbation 
of A, so it has closed range ran(AP( kcrB )i) = ra,n(AB*). Since (AB*)* = BA*, the exactness of 
the sequences 

O^kerS* <-> ker(AB*) ker A n (ker B) 1 - — > Q, 
ker A* ^ kcr(BA*) -^U ker B n (ker A) 1 - -> 0, 
implies that AB* is Fredholm and that (|A.3jl holds. □ 
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Essential Grassmannians. If to G N, we define the (m)-essential Grassmannian Gr( m )(iJ) to 
be the quotient space of Gr(_ff) by the equivalence relation 

{(V", W) e Gr(H) x Gr(H) \ V is a compact perturbation of W and dim(V, W) G ml} . 

The (l)-essential Grassmannian is simply called essential Grassmannian. If E G Gi( m )(H) and 
V G Gr(-ff) is commensurable to the subspaces belonging to the equivalence class E, 

dim(V, E) := dim(V, W), W G B, 

defines an element of Z/mZ. 

The essential Grassmannian Gr^^iJ) is homeomorphic to the space of symmetric idempotent 
elements of the Calkin algebra C(H)/C C (H), hence it inherits the structure of a complete metric 
space, and of an analytic submanifold of the Calkin algebra. 

Every set Gv nt00 (H) or Gr 00iI1 (7J), n G N, represents an isolated point in Gt^(H), which has 
thus countably many isolated points. If to > 1, the sets 

(J Gr niQO (JJ) and (J Gr^ff), fc = 0, 1, . . . , m - 1, 

represent 2m isolated points in Gr( m ) (H) . The remaining part of Gr( m ) (H ) is connected, being 
the quotient space of Gr 00!00 (7J), and it is denoted by GiJ m ^(H). 

The space Gr^ (H) is simply connected, while the fundamental group of Gr* m ) (H) for m > 1 
is infinite cyclic. If to > 1 divides k G N, the natural projection 

Gv* (k) (H) ^ Gv* (m) (H) 

is a covering map. It is the universal covering of Gv^ m \(H) if k = 0, it induces the homomorphism 
q i — ► (k/m)q between fundamental groups if k ^ 0. For m = 1 we obtain a covering map with a 
basis having the structure of an analytic Banach manifold and of a complete metric space, hence 
the same structures can be lifted to Gr(^(iJ), for any kj^l. 
Finally, the natural projection 

Gr^iH) - Gtl m) (H) (A.4) 
is a C° fiber bundle 6 . Its total space is contractible, and its typical fiber is 

|J Gr n (V,H), where V G Gtoo^H), 

a disjoint union all of whose components have the homotopy type of BO(oo). Therefore, the exact 
homotopy sequence of a fibration yields to the isomorphisms 





f Z 


for i 


= 1,5 


mod 8, 


»r i (Gr^j(H))S7r i _i(Gr(V;£f)) = | 




for i 


= 2,3 


mod 8, 




[o 


for i 


= 0,4, 


6, 7 mod 



for i > 2. 

B Appendix - Linear ordinary differential operators in Hilbert 
spaces 

This appendix summarizes some results about linear ordinary differential operators in Hilbert 
spaces. See lAM03b| for a detailed exposition (see also |RS95| and |LT03) for related results in 
the framework of unbounded operators, and for an extensive bibliography). 

"Although the map I A. 41 is analytic, it has no differentiable trivializations. 
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Let H be a real Hilbert space. A bounded linear operator L £ C(H) is said hyperbolic if its 
spectrum does not meet the imaginary axis. In such a case, let H = V + (L) © V~(L) be the L- 
invariant splitting of L into closed subspaces, corresponding to the decomposition of the spectrum 
of L into positive and negative real part. 

B.l Proposition. C lAMPl) . Proposition 2.2) Let L,L' e C(H) be hyperbolic operators. If V is 
a compact perturbation of L, then V + (L') is a compact perturbation ofV + (L), and V~(L') is a 
compact perturbation of V~(L). 

Let A : [0, +00] — > C(H) (resp. A : [— 00, 0} — > C(H)) be a piecewise continuous path such 
that A(+oo) (resp. A{— 00)) is hyperbolic. We shall denote by : [0, +oo[^ GL(if) (resp. 

:]-oo,0] -> GL(ff)) the solution of the linear Cauchy problem X^(<) = ^(0) = J. 

The linear stable space of A (resp. the linear unstable space of A) is the linear subspace of H 

WX = ^GH\ t lim X A (t)£ = o| , (resp. = |f e H | ( hrn^ J^(t)e = j) . 

The main properties of the linear stable space are listed in the following: 

B.2 Theorem. f |AM03b| . Proposition 1.2 and Theorems 2.1, 3.1) Let A : [0, +00] -> £(F) &e 
a piecewise continuous path such that A(+oo) is hyperbolic. Then W\ is a closed subspace of H , 
which depends continuously on A in the L°°([0, +00 [, C(H)) topology. The following convergence 
results for t — * +00 hold: 

(i) Wj| is the only closed subspace W such that XA(t)W converges to V~ (A(+oo)); 

(ii) \\XA{t)\w^\\ converges to exponentially fast. 

The above limits are locally uniform in A, with respect to the L°° topology. Moreover, ifV<E Gr(H) 
is a linear supplement of , 

(Hi) XA(t)V converges to V + (A(+oo)); 

(iv) inf diverges exponentially fast. 
I£l=i 

The above limits are locally uniform in V G Gr(iJ), and in A, with respect to the L°° topology. 
Finally: 

(v) WL A , = (W%)^. 

The analogous statements for the linear unstable space can be deduced from the above theorem, 
taking into account the identity XA(t) = Xsi—t) for B(t) = —A(—t). The following proposition 
characterizes those paths A for which the evolution of the linear stable space remains in a fixed 
essential class: 

B.3 Proposition. f |AM03b| . Proposition 3.8) Let A : [0, +00] -> C(H) be a piecewise continuous 
path such that A(+oo) is hyperbolic. Let V be a closed subspace of H , and let P be a projector 
onto V . Then the following statements are equivalent: 

(i) XA{t)W\ is a compact perturbation ofV for any t > 0; 

(ii) V~ (A(+oo)) is a compact perturbation of V and [A(t), P]P is compact for any t > 0. 

The proof of the above proposition is based on the following fact: if V is a closed linear subspace 
of H , then the orthogonal projector P(t) onto XA(t)V solves the Riccati equation 

P\t) = (I- P(t))A(t)P(t) + P(t)A(ty(I P(t)), (B.l) 

as shown in |AM03bj . formula (35). 
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Now let A : [—00, +00] — > C(H) be a continuous path such that A(— 00) and ^4(+oo) are 
hyperbolic. If Cq (R, i?) (resp. Cq(R, 7/)) denotes the Banach space of continuous curves u : M. — > if 
such that u(f) is infinitesimal (resp. u(t) and lt'(t) are infinitesimal) for t — > ±00, we can consider 
the bounded linear operator 

F A : Co(M, if) C °(R,if), (fU«)(t) = »'(*) - A(i)u(t). 
Its main properties are listed in the following: 

B.4 Theorem. f |AM03b| . Theorem 5.1 and Remark 5.1) Let A : [-00, +00] -> £(if) be a 
continuous path such that A(— 00) and A(+oo) are hyperbolic. Then: 

(i) Fa has closed range if and only if the linear subspace W% + W\ is closed; 

(ii) Fa is surjective if and only if W S A + = H ; 

(Hi) Fa is infective if and only ifW A H W A = (0); 

(iv) Fa is a Fredholm operator if and only if {W\,Wj[) is a Fredholm pair, and in this case 
mdF A = bad (W%,WX). 

It is easy to build examples of paths A having two arbitrary closed linear subspaces as linear 
stable space and linear unstable space, so the above theorem shows that in general F A may not 
have closed range, and its kernel and cokernel may be infinite dimensional. Even Fa is Fredholm, 
A(t) is self-adjoint and invertible for any t, and A{— 00) = A(+oo), the operator Fa may still 
have any index. In the following proposition we exhibit such an example with positive index. By 
Thcorcm lB .21 (v) . we obtain an example with negative index by considering the path B(t) = —A(t). 

B.5 Proposition. Let H be a separable infinite dimensional real Hilbert space. Let FL = FL~ © 
H + be an orthogonal splitting, with H~,H + 6 Gv 00 ^ 00 {H). For any k £ N there exists A G 
C°°(R,GL(ff) n Sym(if)) such that A{t) = P H + - P H - for t $ (0,1), and W% + W\ = H, 
dim W\ H Wa = k. Ln particular, Fa is a surjective Fredholm operator of index k. 

Proof. Let W C ff + be a linear subspace of dimension k. Since Gr oo oc (iJ) is connected, there 
exist closed subspaces Vq — H~(BW, Vi, . . ■ , V m -i, V m = H~ in Gr 00 , 00 (iJ) with dist {Vj-i, Vj) < 1 
for any j S {1, . . . , to} (in fact it is possible to take to = 4). Denote by S the open subset of 
Sym(if) consisting of the invertible operators A with <t oss (^4) n R ± 7^ 0. By Proposition IA. II we 
can find operators A\, . . . , A m in S such that e Ai ' m Vj-i = Vj. Define the piecewise constant path 
B : R -> S as 

' P H + - P H - forf<0ort<l, 
A~ for ] — < t < i, j e {1, . . . , m}. 



B(t) 



Since X B (t) = e t ^'/ m e A j-i/ m . . . e Al / m for (j - l)/m < t < j/m, there holds 

X B (1)(H- W) = e A ™ /m . . . e Al/m V a = V m = H~. 

Since S is connected, there is a sequence (B n ) c C°°(R,<5>) with B n (t) — P H + — P H - for t ^ (0, 1), 
(B„) bounded in L°°(R, £(if)), and B„ -> S in L 1 (M, C(H)). By the identity 

JC^t) + / ^(^(t)- 1 ^-^)^)^^)^, 

Jo 

the sequence (Xs n (l)) converges to hence 

Ws„ =^s„(l) _1 VK| n( . +1) -^s„(l)- 1 ^ ff+ _p H _ =X B „(ir 1 if-^X B (l)- 1 J ff- =iJ-®W. 

Moreover, = Wp _ P _ = if + , so for n large enough A = B n satisfies W A + W A = H and 
dimWlnW"2 = /c. " + □ 
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C Appendix - Hyperbolic rest points 



This appendix summarizes some well known results about hyperbolic dynamics. See |Shu87| . 

Local statements. Let F be a vector field of class C 1 defined on a neighborhood U of in the 
real Hilbert space H . We denote by £l(F) the maximal subset of K x U where the local flow of F, 
i.e. the solution of 

d t <f>{t,p) = F{ct>{t,p)), cf>(0,P)=P, 

is defined. We assume that is a hyperbolic rest point for F, meaning that F(0) — and 
L := DF(0) is a hyperbolic operator, that is a{L) n tR = 0. Let H u H* be the splitting of H 
corresponding to the partition of the spectrum of L into the closed subsets a(L)r\{z £ C | Re z > 0} 
and a(L) n {z e C | Re z < 0}. By P" and P s = I - P u wc shall denote the projections onto H u 
and H\ and wc shall often identify H = H u H s with H u x H s . 

There exists an equivalent inner product (•, •) on H with associated norm || • || which is adapted 
to L, meaning that H u and H s are orthogonal, and 

> Alien 2 v^eff", (if,o < -Alien 2 veeH s , (c.i) 

for some A > 0. Indeed, we may choose any positive A which is strictly less than min |Recr(L)|, as 
shown by the following lemma, applied to L\jjb and to — L|jy«. 

C.I Lemma. Let L be a bounded linear operator on H and let X be a real number such that 
A > maxRecr(L). Then there exists an equivalent inner product (•, •) on H such that 

<A<£,0 Veetf. 

Proof. Up to replacing L by L — XI, we may assume that A = 0. Let (•, •)* be any Hilbert product 
on H, and denote by || • ||* both the associated norm on H and the induced norm on C(H). By 
the spectral radius formula and by the spectral mapping theorem, 

lim \\e nL \\l /n =max|a(e L )| =max|e ,T(i) | < 1. 

n—>-oo 

Let k E N be so large that ||e fcL ||* < 1, and set 

(t,T,) := f\e tL ^e tL V ) r dt 7 V&t, e H. 
Jo 

Then (■, ■) is an equivalent inner product on H , and for any £ € H 

(H, = e ' L 0* dt= \ £ j t \\e tL al dt 

= l{\\e kL m~u\\i)<\(\\e kL \\i-i)\\m<o, 

concluding the proof. □ 
If V is a closed linear subspace of H and r > 0, V(r) will denote the closed ball of V centered 
in with radius r. Moreover, we set 

Q(r) :={£eH\ \\P U £,\\ < r, \\P S ^\\ < r} . 

If A C X C H , the set A is said positively (negatively) invariant with respect to X if for every 
£ € A and for every t > 0, </>([0,t] x {£}) C X implies </)([0,t] x {£}) C A (resp. for every (ei 
and for every t < 0, <f>([t, 0] x {£}) C X implies 0([t, 0] x {£}) c A). 
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C.2 Lemma. For any r > small enough, the set 

{£ G Q(r) | \\P s a < \\P u m (resp. U € Q(r) | ||P^|| < \\P S Z\\}) 
is positively (resp. negatively) invariant with respect to Q{r). Moreover, if £ belongs to the set 

U e Q(r) I ||P ll £|| = r} (resp. {£ G Q(r) | ||P S £|| - r} ), 
then 4>(t,^) Q(r) (resp. </>(— t, £) ^ Q( r )) f or every t>0 small enough. 
Proof. By a first order expansion of F at and by I jC.lt , 

^\\P u ct>(t,Of >2A||P"£|| 2 + (||P^|| 2 ) if||P s £||<||P«£||, 
at t=o 

|iip^(i,on 2 | 4=o <-2A||p^ii 2 + o(iiP s eii 2 ) if||p u en < i|p s eii- 

All the statements follow from the above inequalities. □ 
Given r > 0, the local unstable manifold and the local stable manifold of are the sets 

W£c,r(°) = U e QiT) I ] - oo, 0] x {£} C 0(F) and 0(] - oo, 0] X {£}) C Q(r)} , 
W£c,r(0) = U e Q(r) | [0,+oo[x{Ocfi(F) and tf([0, +oo[x{£}) C Q(r)} . 

Then the local stable manifold theorem (see |Shu87| . chapter 5) states that: 

C.3 Theorem. For any r > small enough, W 1 " CI ,(0) (respectively Wf ocr (0)) is the graph of 
a C 1 map a u : H u (r) -> iP(r) suc/i f/iaf <t"(0) = and Do- U (0) = o' (resp. of a C 1 map 
o~ s : H s (r) -> H u {r) such that a s (0) = and Da s (0) = 0). Moreover, for any £ € W£ cr (0) (resp. 
for any £ G Wk, c ,r(0) j> i^ere fto/rfs 

lim =0 (resp. lim =0). 

i — > — oo i — > + oo 

We recall that a non-degenerate local Lyapunov function for the vector field F at the rest point 
is a C 1 real function defined on a neighborhood of in H, such that Df(£)[F(£)] < for £ ^ 0, 
and which is twice differentiable at 0, with the quadratic form D 2 f(0) coercive on H u , and the 
quadratic form —D 2 f(0) coercive on H s (necessarily, Df(0) = 0). A first order expansion of F at 
shows that the restriction of the function 

to a suitably small neighborhood of is a non-degenerate local Lyapunov function for F at 0. 

C.4 Lemma. For any r > small enough, for every sequence (£„) C H converging to and for 
every sequence (t n ) C [0, +oo[ such that (f>([0, t n ] x {£„}) C Q(r) and <fi(t n ,£ n ) G dQ(r), there 
holds 

dist (<£(*„, f„), W£c, r (0) n 0Q(r)) -> 0. 
Furthermore, if f is a non-degenerate local Lyapunov function for F at 0, there holds 

lim sup /(</>(£„,£„)) < /(0). 

n — >oo 

Finally, there exists r' < r such that 

sup{/(£) | £ G dQ(r) and 3t < such that 0(-t,£) G Q(r'), ^([-t,0] x {£}) C Q(r)} 

<inf{/(0UeQ(r')}. 
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Proof. If the vector field is linear, = L£, the first conclusion is immediate: actually for any 
(£„) C H converging to and any (i„) C [0, +oo[, there holds 

lim dist (e tnL Z n ,H u ) = 0. (C.2) 

By the Grobman-Hartman theorem, if r\ > is small enough the local flow <f> restricted to Q{r\) 
is conjugated to its linearization (t, £) i— * e tL £, by a bi-uniformly continuous homeomorphism 7 . By 
Theorem IC.3I we may also assume that r\ is so small that Wj" c r (0) is the graph of a uniformly 
continuous map a M : H u {r\) — ► H s (ri). 

Let r < ri and set ?7„ := </>(£„,£„) € dQ(r), with — > and i„ > 0. By the linear case (|C.2ll 
and by the uniform continuity of the conjugacy, there exists (q' n ) C Wfc cr (0) such that ||?y„ — 77^ || 
is infinitesimal. Setting n'^ = (P u r] n ,a u (P u r] n )) g WJ£ C r (0) n dQ(r), by the uniform continuity of 
a u we have 

dist ( V n,W^ r (0) n 0Q(r)) < |K - <|| < hn ~ rL\\ + \\P u v' n ~ ^Xll + \\PW n ~ P s <\\ 

= hn - n'nW + WP^'n ~ P^nW + K^X) - ^XOII - 0, 

proving the first claim. Since the local unstable manifold is tangent to H u at 0, since Df(Q) = 
and —D 2 f(0) is coercive on if", by o(r) considerations we have 

sup {/(£) 1 1 e wc,,(o) n dQ(r)} < /(0), 

if r > is small enough. Since / is uniformly continuous on Q(r) for r small enough, the second 
claim follows from the first one. The last claim is an immediate consequence of the second one, 
arguing by contradiction. □ 
Given two metric spaces X and Y and a positive number 9, Lip e (X, Y) will denote the space of 
6>-Lipschitz maps from X to Y, endowed with the C° topology. The following version of the graph 
transform theorem is proved in |AM01| Proposition A. 3 and Addendum A. 5 (see also |Shu87| . 
chapter 5). 

C.5 Proposition. For any r > small enough there is a continuous (nonlinear) semigroup 

r : [0,+co] x U Pl (H u (r) 7 H s (r)) -> Li Pl (iP (r), H s (r)) 
such that for every a G Lip 1 (H u (r ), H s (r)) there holds: 

(i) P(0, a) — a, and T(t + s,o~) — T(t, T(s, a)), for every t, s G [0, +oo]; 

(ii) for every t 6 [0, +oo[, the restriction of <fit to Q( r ) maps the graph of a onto the graph of 
T(t, a), that is 

graphT^fx) = {0(t,f) | £ G graph a and <j>([0,t] x {£}) C Q(r)} ; 
(in) graphr(+co, ( T) = W^ r (0); 

(iv) for any 9 > there exists ro G]0, r] and to > such that the restriction ofT{t, a) to H u (ro) 
is in Lip e (iJ u (ro), i? s (ro)), for any t 6 [fo,+oo] and any a E Lip 1 (if" (r) , H s (r)). 

Furthermore: 

(v) ifVc H u (r) is open and a € Lip 1 (V, H s (r)) is such that graph o-nWf oc r (Q) ^ 0, i/ierc i/iere 
exists t > cmd er' € Lip 1 (7J tl (r), iJ s (r)) smc/j i/iai f/ie restriction of <pt to Q(r) maps the 
graph of a onto the graph of a 1 , that is 

grapha' = {0(4,0 I £ G graphcr and (f>([0,t\ x {£}) c Q(r)} . 

' We recall that this conjugacy is found as a fixed point of a contraction T on a suitable space of continuous maps 
(see IShu87l . chapter 7). Since for a G]0, 1[ small enough, the space of ct-H61der continuous maps is T-invariant, 
such a conjugacy turns out to be Holder continuous together with its inverse. In general, it needs not be even 
Lipschitz continuous. 
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Global statements. Now let F be a C 1 vector field on the real Hilbert manifold M, and let 
: fl(F) — > M, f2(-F) C M x M, denote its local flow. Let s be a hyperbolic rest point of F. We 
can identify a neighborhood of x in M with a neighborhood of in the Hilbert space H , identifying 
a; with 0. We denote by H = H u © H s the splitting of H associated to the hyperbolic operator 
VF(x) = DF(0), and we endow H with an equivalent inner product adapted to VF(x), as in the 
previous section. For r > small enough, we set 

Q(r) = H u (r) x H s (r), Q+(r) = dH u (r) x H s (r), Q~ (r) = H u (r) x dH s (r). 

Lemma IC.2I and the last statement of Lemma IC . 41 have the following consequence. 
C.6 Proposition. For any r > small enough there holds: 

(i) if p £ Q(r) and (j)(t,p) (f. Q(r) for some t > 0, then there exists s €E [0,t[ such that <p(s,p) £ 

Q + (r); 

(ii) if p £ Q{r) and 4>{t,p) (£ Q{r) for some t < 0, then there exists s £]t,0] such that cj>(s,p) £ 
Q-(r)- 

Moreover, if F admits a global C 1 Lyapunov function which is twice differ entiable and non- 
degenerate at x: 

(Hi) if p £ Q + (r), then <fi(t,p) £ Q(r) for any t > 0; 
(iv) if p £ Q~(r), then <f>(t,p) (£ QQ for any t < 0. 
The unstable and stable manifolds of x are the </>-invariant subsets of M 

W u (x) = \ p £ M I 1 - oo,0] X {p} C n(F) and lim <f>(t,p) = x\ , 

I t— * — OO J 

W s (x) = \p £ M | [0,+oo[x{p} c tt{F) and lim Mt,p) = x\ . 

The local stable manifold theorem ( Theorem IC.3(I and Proposition IC. 61 imply: 

C.7 Theorem. The sets W u (x) and W s (x) are images of C 1 injective immersions 

e u : H u -» M, e s : H s -> M, 

such that e u (0) — e s (0) = x, and De u (0) and De s (0) are the identity mappings. If moreover F 
admits a global C 1 Lyapunov function which is twice differ entiable and non-degenerate at x, then 
for any r > small enough 

W u (x) n Q(r) = W£ c , r (0), W s (x) n Q(r) = Wf oc<r (0), 
and the maps e u , e s are embeddings, so that W u (x) and W s (x) are C 1 submanifolds of M . 
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